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Abstract A micromechanically motivated model is
proposed to capture nonlinear effects and switching

phenomena present in ferroelectric polycrystalline ma-

terials. The changing remnant state of the ferroelec-

tric crystal is accounted for by means of so-called back
fields—such as back stresses—to resist or assist fur-

ther switching processes in the crystal depending on

the local loading history. To model intergranular ef-

fects present in ferroelectric polycrystals, the compu-

tational model elaborated is embedded into a mixed
polygonal finite element approach, whereby an individ-

ual ferroelectric grain is represented by one single ir-

regular polygonal finite element. This computationally

efficient coupled simulation framework is shown to re-
produce the specific characteristics of the responses of

ferroelectric polycrystals under complex electromechan-

ical loading conditions in good agreement with experi-

mental observations.
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1 Introduction

Piezoelectric materials are widely exploited in sensing
and actuation applications due to their strong elec-

tromechanical coupling behaviour. Ferroelectric ceram-

ics behave like piezoelectric materials under low electri-

cal and mechanical loads but exhibit pronounced non-
linear responses at high loading levels owing to micro-

scopic domain switching, [1,2]. Typically, ferroelectric

devices possess complex shapes with local field intensi-

fiers such as embedded electrodes and cracks, [3], which

can force the ferroelectric specimen to experience higher
local loading conditions as they are expected to, so

that switching processes are initiated. Hence, models

predicting such nonlinear effects of ferroelectrics un-

der complex loading conditions are necessary to pro-
vide a priori knowledge and simulation-based input for

the design and development of ferroelectric devices.

In this context, several nonlinear constitutive models

have been developed for ferroelectric ceramics, which,

conceptually speaking, can be classified as either phe-
nomenological or micromechanical approaches, [4–6].

On the one hand, phenomenological models are

commonly based on a strict thermodynamic framework

and in addition make use of fitting processes in or-
der to adjust the underlying material parameters so

that related simulation results appropriately match ex-

perimental data, [7–11]. To give an example for the

electromechanically coupled problem at hand, remnant
strains as well as a remnant polarisation can be intro-

duced as so-called internal variables and incorporated

as additional arguments into the particular energy func-

tions of interest.

On the other hand, micromechanical models are

directly related to basic material mechanisms as, for

instance, domain switching. In this regard, we refer
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the reader to [12], wherein a ferroelectric polycrys-

tal is modelled as a collection of single domains. Dis-

crete transformations convert the respective domains

from a particular variant to another with energetically

favoured orientation. The macroscopic response is ob-
tained from straightforward averaging. By analogy with

Taylor-type constraints, this particular model as well

as contributions further developing this approach, for

example [13,14], do not directly account for the in-
teraction between neighbouring domains. Alternative

modelling concepts, however, incorporated such inter-

actions present in crystalline materials by means of the

so-called Eshelby inclusion method in order to provide

a mean field estimate of the effective response, [15–18].
Intergranular effects are explicitly considered in several

models in terms of related finite element formulations

[19–25]. The local and average energy release during do-

main switching in ferroelectrics are rigorously derived in
[26] with application to advanced polarisation switch-

ing models. Within the formulation presented in [18],

which has been used for several micromechanical mod-

els, switching is assumed to take place in individual

crystals at constant levels of the applied electric field
and stresses, i.e. a non-hardening response is assumed.

Such a switching process continues until those domains

that shrink eventually disappear. However, when do-

main wall motion is induced by the driving forces ema-
nating from the applied mechanical and electrical loads,

the requirements of compatibility continue to prevail.

As a consequence, admissible types of domain wall mo-

tions are constrained to certain kinematic combinations

[27]. Hence, domain switching of a specific variant—
present at different places within a crystal—may not

take place continuously. In this context, we develop a

two-dimensional micromechanical model such that the

switching process on the level of a single crystal of the
overall ferroelectric polycrystal is not continuous but

faces a certain resistance or facilitation depending upon

the changes in the combination of crystal variants. The

particular model proposed is formulated based on well-

established thermodynamic principles so that the dissi-
pation inequality is generally satisfied.

A material model can be applied to complex bound-

ary value problems of practical relevance when the con-

stitutive formulation is efficiently embedded into a suit-

able algorithmic framework such as the finite element
method. Within standard finite element approaches, a

ferroelectric grain structure may be represented either

by, for example, rectangular elements [21] or hexago-

nal elements, with each element representing an indi-
vidual grain [23,28]. Randomly oriented crystal axes

within the elements, or rather grains, together with

the corresponding material properties realise the locally

anisotropic nature of the polycrystalline ferroelectric

specimen. The grain to grain interaction effects, explic-

itly taken into account by the finite element formula-

tion, depend on how the material properties vary be-

tween one element and its neighbouring elements. The
potential shortcoming of restricted grain shapes can

be relatively overcome by considering a Voronoi-cell-

based discretisation of a ferroelectric polycrystal. By

this approach, a representative microstructure is con-
structed by the underlying Dirichlet tessellation so that

each irregular polygon, i.e. the Voronoi cell, represents

a ferroelectric crystal. In contrast to simplified conven-

tional finite element discretisations, where each grain

is represented by one and the same element type and
element size, general random Voronoi-based discretisa-

tions enable to surround the respective single grains by

a varying number of differently shaped grains. In con-

sequence, Voronoi-based polygonal discretisations to-
gether with randomly generated crystallographic axes

for each grain, in general, represent the overall poly-

crystalline microstructure better, in particular at the

local level. One way to proceed further from this point

is to subdiscretise the individual irregular polygons by
means of several standard quadrilateral or triangular

elements—with, for instance, the displacement field and

the electric potential as degrees of freedom. Alterna-

tively, one may apply Voronoi-cell-based finite elements
[29,30]. Such hybrid formulations, as proposed even ear-

lier in [31], allow to avoid further subdiscretisation of

a crystal grain structure, the geometry of which is here

assumed to be represented by a polygon. An application

of this framework to the simulation of the nonlinear be-
haviour of ferroelectrics has been investigated in [32] as

based on the constitutive model proposed in [28]. The

incremental switching model discussed in the present

work is combined, or rather embedded, into a polygo-
nal finite element formulation similarly to the frame-

work developed in [32]. In this regard, the proposed

modelling approach includes the essential intergranular

effects in ferroelectric polycrystals arising from the indi-

vidual grain geometries on the one hand and the evolu-
tion of the underlying microstructures such as switching

effects on the other.

This paper is organised as follows: section 2 reviews

some fundamental relations relevant for the model de-

velopment, while section 3 deals with the particular for-
mulation of nonlinear switching in line with basic ther-

modynamic principles. Based on this, the application

of the polygonal finite element method to the problem

at hand is addressed in section 4 and 5. Finally, repre-
sentative numerical examples for different loading cases

are addressed in section 6, and the paper closes with a

brief summary.



3

2 Theoretical preliminaries

2.1 Ferroelectrics

Ferroelectric ceramics possess a higher symmetric cu-
bic crystal structure in the paraelectric state above the

Curie temperature so that the underlying unit cells

do not exhibit any spontaneous polarisation. On cool-

ing below the transition temperature, with the mate-

rial acquiring a lower symmetric crystal structure, a
spontaneous polarisation develops within the unit cell

due to separation of the charge centres. The unit cell

also experiences a spontaneous strain with reference to

the cubic state. Though ferroelectric ceramics may—
depending on their constituents for instance—undergo

different states of lower crystal symmetry (tetragonal,

rhombohedral, or orthorhombic), we confine our discus-

sion in this work to the tetragonal phase. A group of

unit cells sharing the same polarisation orientation is re-
ferred to as a domain and, in general, six different types

of domain orientations may occur in a ferroelectric sin-

gle crystal. The sharp interface that separates distinct

domains is commonly denoted as domain wall. In a de-
poled state ferroelectrics do not show a net macroscopic

polarisation and strain since the microscopic polarisa-

tion and strain contributions of individual domains sum

up to zero in an integral or rather volume-averaged
sense. Thus, a coupled electromechanical response is

not immediately realised by ferroelectrics at this de-

poled state. In other words, the material would simply

act as an elastic or electric body under external elec-

tromechanical loads.

On application of a sufficiently large external elec-

tric field so-called poling occurs, a process by which a

ferroelectric ceramic is transformed into a piezoelectric

material. The unit cells initially undergo a recoverable

change in polarisation and strain within the same do-
main type. When the electric field exceeds a certain

threshold, unit cells with spontaneous polarisation ori-

entations unfavourable with respect to the forcing field

direction may reorient according to the loading direc-
tion. This process, i.e. a change in the domain type in

ferroelectrics in response to external fields, is referred

to as domain switching. Thus, external unfavourable

electromechanical loads, respectively their orientations,

may prefer specific domain types at the expense of
others. With an increasing number of domains being

reoriented according to the external loads, the mate-

rial acquires a net macroscopic polarisation and strain

that remains upon load removal. This process is com-
monly continued until the net polarisation and strains

attain a saturated state, referred to as poling. Ferro-

electric ceramics exhibit a strongly coupled electrome-

chanical response at this poled state and display re-

versible behaviour for small superposed external elec-

tric and mechanical loads. Ferroelectrics operate usu-

ally within this piezoelectric regime for typical engi-

neering applications in actuation and sensing devices.
However, external electric fields can also depole a ferro-

electric material partially or completely, when applied

at higher loading magnitudes along unfavourable direc-

tions as compared to the previous poling axis of the
specimen. In a similar way, mechanical loads, primarily

compressive stresses, may also result in depoling a fer-

roelectric ceramic. Thus, in response to strong electric

and mechanical fields, either externally applied or lo-

cally developed as nearby electrode interfaces or micro
cracks, ferroelectrics tend to change their microscopic

state. This, in turn, affects the macroscopic properties

of the material to prompt a change in their response

that may vary considerably from the expected levels.
Hence, with the microscopic domain switching incorpo-

rated into the model, complex ferroelectric behaviour at

the macroscopic level can be simulated and understood

better.

2.2 Governing field equations

In this section some governing equations relevant to

the modelling of ferroelectrics are reviewed. Mechan-
ical equilibrium, or rather the local balance of linear

momentum of a ferroelectric body under static condi-

tions, allows representation as

∇ · σ + b = 0 , (1)

wherein σ denotes the stresses and b collects related

volume forces. Similarly, electrostatic equilibrium, or

rather the local form of Gauß’ law reads

∇ · D − q = 0 , (2)

with D the electric displacements and q characterising

the bulk-related electric charge. Without loss of gener-

ality, as this work proceeds we will assume that b and

q vanish identically.

Assuming that the strains ε remain sufficiently

small, representative deformation measures are intro-

duced based on the displacement field u, namely

ε = 1
2 [∇u + ∇tu ] = ∇symu . (3)

Moreover, the electric field E is derived from an electric

potential φ, i.e.

E = −∇φ . (4)

Later on, u and φ constitute the primary degrees of

freedom of the discrete finite element model.
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By making use of the first and second law of ther-

modynamics for deformable electric materials in the ab-

sence of internal heat generation, one obtains the local

relations

ρ U̇ = σ : ε̇ + E · Ḋ −∇ · r , (5)

ρ η̇ −∇ ·
[ r

T

]
≥ 0 , (6)

wherein U , r, ρ, η and T denote the internal energy

density, the heat flux, the density, the entropy and the

absolute temperature. Adopting common notation, a

super-script dot indicates the material time derivative.
Based on this, the Gibbs energy density g can be related

to the internal energy density via a Legendre transfor-

mation, which results in

ρ g = ρ U − σ : ε − E · D − η T . (7)

Next, we place emphasis on the modelling of the irre-

versible behaviour of ferroelectric ceramics as exhibited
under sufficiently high loading levels. In this context,

the response of a ferroelectric material at the level of

a characteristic volume—a material point, say—is rep-

resented in terms of an additively decomposed strain

tensor ε, respectively polarisation vector P or rather
electric displacements D. To be specific, reversible (r)

as well as irreversible or remnant (i) contributions are

introduced, namely

ε = εr + εi and D = Dr + P i , (8)

see, among others, [33].

3 Model formulation

As discussed in section 2.1, six different domain ori-

entations or rather variants can co-exist in a ferro-

electric single crystal of tetragonal crystal structure so
that the related volume fractions of these domains ad-

equately represent the phase-state of the single crys-

tal. When considering a planar two-dimensional body,

either solely four variants are assumed to be present
in the crystal [28] or, in addition, the remaining two

variants are also included and oriented perpendicular

to the plane characterising the body of interest; com-

pare [21,23]. Both assumptions constitute major sim-

plifications compared to the general case, as domain
switching in ferroelectrics is a three-dimensional phe-

nomenon. For computational simplicity, however, the

first approach is considered in the present work. Nev-

ertheless, the formulation to be developed can straight-
forwardly be generalised to three-dimensional cases and

for different kinds of crystallographic variants and sym-

metries. In this context, only four variants are assumed

to exist in the plane considered and the related vol-

ume fractions play, from a modelling point of view, the

role of internal variables. Furthermore, externally ap-

plied loads may favour a specific domain orientation at

the expense of other domain orientations. As the mass
of the body considered is postulated to be conserved,

the respective volume fractions—denoted by ξ(n) with n

indicating the domain type—must satisfy the so-called

consistency conditions, namely

ξ(n) ≥ 0 ,

4∑

n=1

ξ(n) = 1 ,

4∑

n=1

ξ̇(n) = 0 . (9)

The volume fractions of domains evolve under the ac-
tion of external loads and thereby modify the states of

remnant polarisation, P i, and strains, εi, at the level of

a single crystal. Based on the underlying volume frac-

tion parameters, one obtains

Ṗ
i
=

4∑

n=1

ξ̇(n) P (n) , ε̇i =

4∑

n=1

ξ̇(n) ε(n) , (10)

wherein P (n) and ε(n) denote the spontaneous polar-

isation and strains of the domain of type n. As this
work proceeds, the Gibbs energy defined in Eq. (7) is

considered to be composed of two parts. The first con-

tribution to the Gibbs energy, gr, reflects the reversible

responses of the material and primarily depends on σ,

E, and T . The additional contribution, gi, arising from
the changes in the remnant state of the crystal with

respect to a reference state, is assumed to be a function

of the remnant polarisation and strains so that

g = gr(σ, E, T ) + gi(P i, εi) . (11)

Substitution of Eqs. (5,7,8,11) into Eq. (6) renders the

local dissipation inequality to take—for the isothermal

case considered—the form

σ : ε̇i + E · Ṗ
i
− ρ ∂εigi : ε̇i − ρ ∂P igi · Ṗ

i
≥ 0 . (12)

It may be noted that gr does not appear in the above in-

equality as the underlying, say, hyper-elastic forms ren-

der its contributions to vanish identically. In the case of
a reversible response, the microscopic state of the crys-

tal, as well as the remnant values, remain unaltered—

such that ε̇i = 0 and Ṗ
i
= 0—and Eq. (12) turns into

an equality taking the value zero. As this work proceeds,
rate-effects will not be accounted for and, moreover, the

constitutive formulation allows interpretation as a dis-

crete switching model because changes in volume frac-

tions are compared for discrete time intervals ∆t > 0
rather than setting up continuous evolution equations

for the underlying internal variables.

Next, the particular form of the Gibbs energy as-

sociated with the remnant state of the crystal has to
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be chosen. Several representations have been investi-

gated in the literature; see, e.g., [7,34] and references

cited therein. Here, we restrict ourselves to a quadratic

form in terms of the remnant polarisation and strains,

namely

ρ gi(P i, εi) = 1
2 εi : H : εi + 1

2 P i · H · P i , (13)

wherein H and H denote the hardening-type tensors

pertained to remnant strains and the polarisation of

the crystal. In the following, we assume the most simple

format, i.e. the hardening-type tensors are chosen to be
proportional with respect to symmetric identity tensors

of fourth and second order

H = H I
sym , H = H I , (14)

with the positive scalars H and H being referred to

as hardening parameters. In general, these scalars may
also depend on the current loading state of the grain

and should be determined from experiments—for sim-

plicity, however, H and H are set constant in the fol-

lowing. Moreover, the positive definite tensors H and

H may also be chosen to deviate from identity tensors
and to be load-dependent. Based on Eqs. (13,12), the

local dissipation inequality now corresponds to

[ σ − σb ] : ε̇i + [ E − Eb ] · Ṗ
i
≥ 0 , (15)

with

σb = ρ ∂εigi = H : εi = H εi , (16a)

Eb = ρ ∂P igi = H · P i = H P i . (16b)

The contributions σb and Eb are referred to as back

stresses and back electric field, respectively. If the rem-

nant polarisation and strain of a grain vary from a
reference state, the back fields will either resist or as-

sist further domain switching processes depending upon

whether the process will take the current state further

away from the reference state or closer to it. Here, the

reference state is defined as the state at which the rem-
nant polarisation and strain of the single grain are zero.

Substitution of Eq. (10) into Eq. (15) yields the local

dissipation inequality to result in

4∑

n=1

[
[ σ − σb ] : ε(n) + [ E − Eb ] · P (n)

]
ξ̇(n) ≥ 0 , (17)

4∑

n=1

[
D(n)

]
ξ̇(n) ≥ 0 . (18)

Conceptually speaking, D(n) denotes—at the level of a

single crystal—the force driving domain switching pro-

cesses by altering the crystal variant n in combination

with one or more of the remaining variants.
Let a domain switching process—transforming one

variant into another—be referred to as a transforma-

tion system. For a two-dimensional system with four

types of different phases, six such transformation sys-

tems can be observed. Concerning notation, a trans-

formation system that increases the variant n at the

expense of another variant, say m, is denoted as (m, n)

as this work proceeds. The related driving force D(m,n)

is obtained from Eq. (17) as,

D(m,n) = [ σ − σb ] : ε(m,n) + [ E − Eb ] · P (m,n) , (19)

wherein use of the abbreviation •(m,n) = •(n)−•(m) has
been made. Four of the six possible forward transforma-

tion systems are related to 900 domain switching, while

the remaining two correspond to 1800 domain switch-

ing. As soon as the driving force reaches a certain criti-

cal threshold value, say k90 respectively k180 associated
with 900 or 1800 domain switching, the modelling of the

related switching process is initiated. In other words,

the transformation system is activated based on

|D(m,n)| ≥ k90 =⇒ 900 switching ,

|D(m,n)| ≥ k180 =⇒ 1800 switching .
(20)

The critical threshold values adopted in Eq. (20) have

been used within several models reported in the litera-

ture; see, among others, the contributions [12,35]. Con-

ceptually speaking, the ferroelectric crystal exhibits re-
versible responses without any change in its microscopic

state until the driving force reaches any of the critical

values so that the underlying volume fractions of crys-

tal variants remain unaltered. Once a transformation

system becomes active, the associated discrete changes
in the volume fractions—i.e. ξ(n) 7→ξ(n) + ∆ξ(n) as re-

ferred to the time or rather load interval ∆t > 0—can

be determined by making use of Eq. (19) and (20). To

be specific, the update of a crystal variant n according
to the (m, n) transformation system is represented by

∆ξ(n) =





min

{
ξ(m) , ∆ξ̃(n)

}
if D(m,n) ≥ 0

−min
{
ξ(n) , ∆ξ̃(n)

}
else

(21)

with

∆ξ̃(n) =

〈
|D(m,n)| − k90

〉

ε(m,n) : H : ε(m,n) + P (n) · H · P (n)
(22)

for 90◦ switching and

∆ξ̃(n) =

〈
|D(m,n)| − k180

〉

4 P (n) · H · P (n)
(23)

in the case of 180◦ switching, whereby 〈•〉 = 1
2 [ | • |+• ]

denotes the McCauley brackets. Note that Eq. (23) does

not include any terms related to the change in rem-

nant strains because these remain unaltered for 1800

domain switching. While employing the discrete form
of the evolution equations to determine the variants as-

sociated with a new crystal state, the constraints given

in Eq. (9) must be taken into account. In fact, these
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constraints are inherently guaranteed within the pro-

posed model as the relation D(m,n) = −D(n,m) gen-

erally holds. In other words, in the case of a forward

transformation system (m, n) the volume fraction ξ(n)

increases by the same amount as ξ(m) decreases. With
the incremental volume fractions known, the changes

in remnant polarisation and strain of the crystal can be

evaluated from Eqs. (10), i.e.

P i 7→

P i +

4∑

n=1

∆ξ(n) P (n) , (24)

εi 7→

εi +

4∑

n=1

∆ξ(n) ε(n) , (25)

while the back fields pertained to the current crystal

state can be determined via Eq. (16). As the back fields
resist subsequent switching process in the same trans-

formation system, increasing loading levels are required

to continue the transformation of the respective phase.

If the loading direction is reversed, however, the back

fields additionally support the transformation process
until the crystal reaches the reference state. Harden-

ing or softening effects within the crystal—stemming

from changing remnant states—are accounted for in the

model by means of these back fields. In order to realise
the crystal to crystal interactions in a ferroelectric poly-

crystal, i.e. so-called intergranular effects, as well as to

simulate general boundary value problems, the single

crystal model proposed is embedded into an iterative fi-

nite element framework as subsequently discussed. One
possible extension of the switching formulation consists

in further modifications of the switching criterion. The

particular criterion applied in this work is, apart from

the overall finite element context, local in nature; see
also the related contributions [18,35]. An alternative or

rather extended switching approach is proposed in [26],

wherein the force driving switching processes is based

on the related local and overall energy release.

4 Polygonal finite element method

Most micromechanical models dealing with the sim-

ulation of nonlinear ferroelectric behaviour in combi-

nation with iterative finite element formulations make

use of triangular or quadrilateral elements to repre-

sent a ferroelectric single crystal or grain. In fact, it
might turn out to be computationally rather expen-

sive to discretise representative grain geometries with

several finite elements. If solely one single standard fi-

nite element is used to model an individual grain, the
grain geometry may not be represented sufficiently ac-

curate. To overcome this problem to a certain extent,

a hybrid formulation—based on stresses and electric

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

x[mm]

z
[m

m
]

Fig. 1 Discretisation of a two-dimensional ferroelectric specimen
with polygonal finite elements.

displacements—has been applied, [32]. To be specific,
each of the underlying polygons is considered to rep-

resent a single ferroelectric grain; see Fig. 1. The ap-

proximation of stresses and electric displacements are

chosen element-wise so as to satisfy the discrete forms

of the equilibrium conditions, in other words the bal-
ance of linear momentum as well as Gauß’ law. Inde-

pendent approximations are made for the displacement

field and the electric potential—to be specific, these

contributions are approximated only along the element
boundary. In consequence, a two-dimensional polygo-

nal finite element may possess an arbitrary number of

edges (larger than two). The following section briefly

discusses the polygonal finite element approach used

in this work. For detailed background information the
reader is referred to [29,32].

4.1 Mixed formulation

The linear constitutive equations of ferroelectrics in

their piezoelectric response region—in other words, the

irreversible state variables are, from the modelling point

of view, assumed to vanish identically so that ε ≡ εr

and D ≡ Dr—can be expressed in matrix or rather
Voigt (index v) representation as
[

σv

D

]
=

[
sv et

v

ev −h

]
·

[
εv

−E

]
= S ·

[
εv

−E

]
, (26)

see e.g. [36], wherein σ, D, ε, and E denote the stresses,

electric displacements, strains and the electric field.

Note that the z-axis will represent the macroscopic pol-
ing direction later on and, moreover, that the polarisa-

tion contribution in the direction of the y-axis will be

assumed to vanish throughout.
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Considering the quasi-static case and neglecting

body forces as well as volume charge densities, the prin-

ciple of electromechanical virtual work can be written

as
∫

B

σ : δε − D · δE dv

−

∫

∂Bt

tpr · δu da +

∫

∂Bw

wpr δφ da = 0 ,
(27)

with ∂Bt and ∂Bw denoting the boundaries of the con-

figuration B of the body of interest, where the sur-

face traction tpr and the surface charge density wpr

are prescribed; compare [37]. After discretising—here
by means of polygonal finite elements Be—and making

use of Eqs. (3,4,26), the principle of virtual work can,

for the linear problem at hand, be rewritten in varia-

tional form as δΠ = 0, with u and φ as ‘degrees of

freedom’, namely

Π =
∑

e

∫

Be

[
σv

D

]
·

[
[∇symu ]v

∇φ

]
dv

−

∫

Be

1

2

[
σv

D

]
· S−1 ·

[
σv

D

]
dv

−

∫

∂Be

t

tpr · u da +

∫

∂Be
w

wpr φ da .

(28)

This representation can also be obtained from the prin-

ciple of minimum complementary energy and Π is re-

ferred to as the electromechanical Hellinger-Reissner

functional, the stationarity condition of which renders
the form of the balance relations used; see [32]. More-

over, application of the divergence theorem in combi-

nation with making use of the electromechanical fluxes

being in equilibrium, the Hellinger-Reissner functional
allows representation as

Π =
∑

e

∫

∂Be

[
σ · n
Dr · n

]
·

[
u

φ

]
da

−

∫

Be

1

2

[
σv

Dr

]
· S−1 ·

[
σv

Dr

]
dv

−

∫

∂Be

t

tpr · u da +

∫

∂Be

w

wpr φ da ,

(29)

wherein the case of non-vanishing irreversible state vari-

ables now has implicitly been accounted for—i.e. εr is
used instead of ε as well as Dr instead of D. Moreover,

n denotes the outward unit normal vector. As seen in

Eq. (29), within the element (Be) solely stresses and

electric displacements need to be determined—apart
from S—whereas displacements and the electric poten-

tial have to be specified only along the element bound-

ary (∂Be). The latter (u and φ) also must satisfy the

continuity conditions. In consequence, these properties

enable to introduce an arbitrary number of element

edges (larger than two for the two-dimensional case)

for a polygonal finite element. The electromechanical

fluxes σ and Dr are approximated in polynomial form
such that they satisfy the equations of equilibrium. Ap-

plying an element-related matrix-vector-type notation,

we may represent these approximations as
[

σv

Dr

]
≈

[
Mσ 0

0 MD

]
·

[
βσ

βD

]
= M · βe , (30a)

[
u

φ

]
≈

[
Nu 0

0 Nφ

]
·

[
qu

qφ

]
= N · qe . (30b)

The vectorial quantities βe and qe collect the corre-

sponding coefficients of the fluxes and nodal degrees

of freedom on the element level. Moreover, the matrix-

entries in M are polynomial functions in the coordi-

nates x and z; the reader is referred to [29,32] for de-
tailed background information. Adopting standard no-

tation, the nodal interpolation functions are denoted as

N—being functions of the boundary coordinates qe. It

turns out that linear shape functions are sufficient to
interpolate qe as these degrees of freedom are defined

only along the element edges. Combining Eq. (30) with

Eq. (29) and expressing the functional in a more com-

pact form results in

Π =
∑

e

βe · Ge · qe −
1

2
βe · Je · βe − qe · fe , (31)

with the abbreviations and external forces

Ge =

∫

∂Be

M t · [ n · N ] da , (32a)

Je =

∫

Be

M t · S−1 · M dv , (32b)

fe =




∫
∂Be

t

Nu · tpr da

−
∫

∂Be
w

Nφ wpr da


 . (32c)

The stationary point of Π—in the form of Eq. (31)—

with respect to the electromechanical flux coefficients

βe renders

∂Π

∂βe

= 0 =⇒ βe = J−1
e · Ge · qe , (33)

and substituting (the locally condensed coefficients) βe

into Eq. (31) ends up with

Π =
∑

e

1

2
qe · G

t
e · J

−1
e · Ge · qe − qe · f e . (34)

Furthermore, the stationary point of Π with respect to
qe yields

∂Π

∂qe

= 0 =⇒
∑

e

Gt
e · J

−1
e ·Ge · qe =

∑

e

fe ,(35)



8

which can be expressed in standard linear finite element

form as∑

e

Ke · qe =
∑

e

fe , (36)

wherein the electromechanical element stiffness matrix

takes the representation

Ke = Gt
e · J

−1
e · Ge . (37)

Practically speaking, after evaluating the nodal elec-
tromechanical degrees of freedom qe by means of

Eq. (36), the electromechanical flux coefficients of the

element can be determined using Eq. (33), which, in

turn, will provide the element electromechanical fluxes
from Eq. (30).

4.2 Polynomial approximation of electromechanical

fluxes

When computing the element stiffness matrix Ke, ap-

plication of appropriate higher-order polynomials—as

based on the number of element edges—are proposed
to approximate the stresses and electric displacements

in [29,32] in order to obtain a rank sufficient system of

equations. To give an example, a cubic polynomial for a

number of 8-10 element edges is considered for the ap-
proximation of stresses and a fourth-order polynomial

for elements with 11-14 edges. In the present work, how-

ever, only a linear polynomial is used to approximate

the stresses and electric displacements for all polygo-
nal element-types irrespective of the number of element

edges. Consequently, an element stiffness matrix at the

level of individual elements with more than 5 edges may

not be rank sufficient. Nevertheless, it turns out that

the global stiffness matrix is—in combination with es-
sential boundary conditions—rank sufficient even when

making use of linear polynomials.

5 Algorithmic Aspects

The overall algorithmic treatment allows interpretation

as a staggered polygonal finite element formulation—
the switching criterion is evaluated for given degrees of

freedom and thereby provides the updated volume frac-

tions of the local crystallographic phases. With these in

hand, the next load increment is applied and the global

degrees of freedom are updated. It turns out, that for
sufficiently small load increments further iteration steps

for the local volume fractions at fixed external loads are

not necessary, respectively do not significantly change

the solution of the boundary value problems investi-
gated. Moreover, by not allowing for additional itera-

tion steps for a given load increment, the possible prob-

lem of back and forth switching is avoided. Due to the

Table 1 Conceptual flowchart for the polygonal-finite-element-
based simulation of switching processes.

(i) discretisation of the two-dimensional body with
Voronoi-based polygonal elements

(ii) random generation of local crystallographic axes at
the level of individual grains/elements

(iii) equal probability (initial macroscopic isotropy) for the

existence of all four local variants, i.e. the reference
state is defined by ξ(n) = 1

4
for all n = 1, 2, 3, 4 so

that σb = 0 and Eb = 0

(iv) application of essential boundary conditions

1. application of incremental boundary conditions

2. computation of global degrees of freedom q
e
, (36)

3. computation σ and Dr from Eqs. (33,30) as well as
E from Eq. (26), both at the element level

4. computation of D(m,n) for all transformation systems
at the local level, Eq. (19), and comparison with crit-
ical values k90 and k180

5. elastic loading for D(m,n) smaller than k90 respec-
tively k180 or ξ(m) = 0 so that ∆ξ(n) = 0, ∆σb = 0,
and ∆Eb = 0—continue with step 1

6. switching update for D(m,n) larger or equal than k90

respectively k180

a) computation of ∆ξ(n) from Eqs. (21,22,23)

b) update ξ(n) as well as σb, Eb, and S based
on Eqs. (10,16,43)

c) (go back to step 2 and continue with
new/updated volume fractions at fixed ex-
ternal loads until some convergence crite-
rion is met)

continue with step 1

discrete nature of the switching criterion introduced,

such algorithmic back and forth switching effects might

occur, which depend in particular on the orientation of

the local crystallographic axes with respect to the load-
ing directions. For convenience of the reader, a brief

conceptual flowchart of the algorithm is summarised

in Table 1. Moreover, the overall material response in

terms of representative quantities such as strains and
polarisation are computed by means of straightforward

volume averaging. To be specific, let ez represent a unit

vector characterising the macroscopic poling and load-

ing direction. Local quantities of interest—projected

onto this loading direction—are, for example,

σzz = ez · σ · ez , Dz = D · ez ,

εzz = ez · ε · ez , Ez = E · ez ,
(38)

while the volume-averaged counterparts are defined as

σ̄zz =
1

vB

∫

B

σzz dv , D̄z =
1

vB

∫

B

Dz dv ,

ε̄zz =
1

vB

∫

B

εzz dv , Ēz =
1

vB

∫

B

Ez dv .

(39)
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6 Numerical examples

The quasi-static simulations discussed in the following

refer to a 1×1 [mm2] two-dimensional ferroelectric spec-

imen within the x-z plane. The discretisation is per-

formed by means of 500 polygonal finite elements with

the number of edges per element varying between three
and ten, see also Fig. 4 for an illustration with 50 ele-

ments. In view of the boundary conditions considered,

an external electric field is applied along the z-axis via

a non-zero or cyclic electric potential at the top sur-
face (z = 1 [mm]) while the electric potential is zero

at the bottom surface (z = 0 [mm]). Moreover, exter-

nal pressure at the top surface is accounted for as well,

and displacements at the bottom surface are clamped

in z-direction. In this regard, the essential and natural
boundary conditions enforced on the domain of interest

take the representation

uz = 0 at z = 0

ux = 0 at [ x, z ] = [ 0, 0 ]

φ = 0 at z = 0

φ = φpr at z = zmax

t = tpr at z = zmax

t = 0 at x = 0 and x = xmax

w = 0 at x = 0 and x = xmax ,

where φpr and tpr respectively refer to the externally

applied electric potential and traction vector. The re-

spective loading levels are implicitly represented when
subsequently displaying the simulation results such as

hysteresis loops or butterfly curves.

6.1 Material parameters

After discretising the ferroelectric body of interest, a
polygonal element is considered to represent a single fer-

roelectric grain. The underlying crystallographic axes

at the level of individual grains are initially generated

by random. To be specific, for the two-dimensional case

considered here, four orthogonal crystal variants refer-
ring to the underlying tetragonal phases are considered.

Related material parameters are summarised in Table 2

as referred to an individual variant. To give an example,

consider a crystal variant, say 1, with its spontaneous
polarisation oriented along the positive z-axis. Adopt-

ing Voigt notation, the elasticity -, piezoelectric -, and

permittivity tensor then take the following representa-

Table 2 Material parameters used for individual crystallo-
graphic phases, [28].

Material parameter Value

s11 elastic modulus 166.0 [GPa]
s13 elastic modulus 77.5 [GPa]
s33 elastic modulus 162.0 [GPa]
s44 elastic modulus 42.9 [GPa]

e15 piezoelectric coefficient 11.6 [C/m2]
e31 piezoelectric coefficient -4.4 [C/m2]
e33 piezoelectric coefficient 18.6 [C/m2]

h11 electric permittivity 1.1151×10−8 [C(Vm)−1]
h33 electric permittivity 1.2567×10−8 [C(Vm)−1]

P s polarisation 0.23 [C/m2]

εs spontaneous strains 4.15×10−3

H hardening parameter 3 [GPa]
H hardening parameter 1 [MVm/C]

k90 switching threshold 1.42105 [Nm−2]
k180 switching threshold 2.84105 [Nm−2]

tion for the two-dimensional case

[s(1)
v ]ij =




s11 s13 0

s13 s33 0
0 0 s44


 , (40)

[e(1)
v ]ij =

[
0 0 e15

e31 e33 0

]
, (41)

[h(1)]ij =

[
h11 0

0 h33

]
. (42)

The material properties of other variants (2,3,4) as well

as those of crystals with different orientations are ob-

tained by straightforward transformations; see, for in-

stance, [14,35]. Based on these, the electromechani-
cal constitutive tensor at the grain or rather element

level—as introduced in Eq. (26)—is defined as

S =

4∑

n=1

ξ(n)

[
s
(n)
v [e

(n)
v ]t

e
(n)
v −h(n)

]
. (43)

By analogy with Eqs. (40,41,42), the respective spon-
taneous strains and polarisation vector read

[ε(1)
v ]i =



−εs

εs

0


 , [P (1)]i =

[
0

P s

]
. (44)

6.2 Cyclic loading

The developed switching model is at first employed to

predict the response of a ferroelectric polycrystal under

combined electrical and mechanical loading cases. To be
specific, a cyclic external electric field is applied in com-

bination with constant external compressive stresses.

The experimentally observed material behaviour for

PZT-51 under the loading conditions considered is re-
ported in, e.g., [38] and also visualised in Fig. 2. Corre-

sponding simulation results, namely representative hys-

teresis loops and butterfly curves, are shown in Fig. 3.
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 (a) (b)

Fig. 2 Experimental observation of a ferroelectric polycrystal (PZT-51) under electromechanical loading conditions with a cyclic
external electric field and constant external compressive stresses, taken from [38]: (a) polarisation and (b) strain.
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Fig. 3 Simulated response of ferroelectric polycrystal under electromechanical loading conditions with a cyclic external electric field
and constant external compressive stresses. Along with increasing external compressive stresses (a) the hysteresis loop contracts,
whereas (b) the butterfly curve is contracted and also shifted towards the compressive regime.

The simulation results match the experimental inves-

tigations, even though a two-dimensional polygonal fi-

nite element formulation is considered and the mate-
rial parameters adopted do not fully reflect the local

properties of the material used for the experimental in-

vestigations (as these are not directly available in the

literature).

Fig. 3 clearly shows that increasing the magnitude

of constant compressive stresses renders the hystere-

sis loop to contract. The microscopic or rather phys-

ical background for this macroscopically observed be-
haviour consists in the domain switching processes lo-

cally experiencing a higher resistance for switching at

larger external stresses. The butterfly curve shows a

similar behaviour, except that the curve is also shifted

towards the compressive regime for increasing external

compression levels. Moreover, the simulated response
curves turn out to be rather smooth, which is not the

case for several FEM-based discrete switching models

reported in the literature, but here stems from the in-

corporation of hardening contributions (back fields) and
the application of polygonal finite elements.

A ferroelectric polycrystal exhibits complex macro-

scopic nonlinear behaviour due to changes in the mi-

croscopic state of individual crystals. Consequently, the
local material properties and microstructures as well as

the local response and loading levels are highly hetero-

geneous. Moreover, when considering cyclic loading the
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Fig. 4 Visualisation of simulation results representing the local response at different loading levels of the ferroelectric polycrystals.
The electric displacements (a-c), strains (d-f), stresses (g-i) and electric fields (j-l)—all projected onto the macroscopic loading direction
ez—are displayed for the loading levels A, B, and C as indicated in Fig. 3.
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local material behaviour also significantly changes with

time. To be specific, the distribution of electric displace-

ments, strains, stresses and electric field—as projected

onto the macroscopic loading direction ez—are dis-

played in Fig. 4 for three different macroscopic electrical
loading levels in the absence of external stresses referred

to as A, B, and C. These particular states are also indi-

cated in the hysteresis and butterfly curves in Fig. 3—

A: fully poled along the positive z-axis; B: electrically
depoled; C: fully poled along the negative z-axis. The

electric displacements and strains are plotted in terms

of their total values, i.e. the sum of reversible and ir-

reversible contributions. Practically speaking, the plots

of the electric displacements in Fig. 4(a,c)—reflecting
loading points A and C—display that the specimen is

almost completely poled with respect to the macro-

scopic loading direction. At the macroscopically de-

poled state B, as represented in Fig. 4(b), some indi-
vidual crystals show zero net contribution to the pro-

jected electric displacements. Other crystals, however,

still show non-vanishing contributions either in posi-

tive or negative direction of the z-axis. On the macro-

scopic level, however, these contributions in average
cancel each other out so that the overall specimen

possesses a negligible polarisation as graphically dis-

played in Fig. 4(b). The simulation results not only

show the same macroscopic strain level at states A and
C, but also similar internal strain fields as presented in

Fig. 4(d,f). By analogy, similar stress contributions are

observed at these two states as well; compare Fig. 4(g,i).

For the depoled state B, the strains in most of the in-

dividual crystals are close to zero, see Fig. 4(e), so that
the specimen shows the lowest macroscopic strain level

at this stage as also reflected in Fig. 3(b). By plotting

the corresponding local stresses along the z-axis, it is

also observed that—though their averaged values on the
macroscopic scale are negligible in all the three states

A, B and C—they turn out to take non-vanishing values

within some grains as displayed in Fig. 4(g-i). Similarly

but not that pronounced, a non-homogeneous distribu-

tion of the electric field Ez is observed. Fig. 4(j,l) shows
these slight local deviations from the average macro-

scopic electric field—such as Ēz = 2MV/m at point A

and Ēz = − 2MV/m at point C—which results from

the microstructure of the respective grains or rather
elements. When comparing simulation results of aver-

aged macroscopic fields—as, for instance, represented

by hysteresis and butterfly curves—no significant dif-

ference between Voronoi-based discretisations and con-

ventional two-dimensional discretisations could be ob-
served. Nevertheless, the underlying local fields within

the respective grains turn out to be different for the gen-

erally anisotropic and inhomogeneous polycrystal. The

comparison of several simulations that accounted for

standard discretisations on the one hand and Voronoi-

based discretisations on the other—both with random

local crystallographic axes—showed that the Voronoi-

based calculations resulted in locally higher field values
in most of the simulations. In view of future work, when

extending the formulation towards the modelling of de-

fects and microcracks along the grain boundaries, the

difference between the simulation results of both types
of discretisations is expected to be even more distinct.

Remark 1 In view of the polynomial approximation
assumed for the electromechanical flux contributions

within the discrete polygonal finite element formula-

tion, we apply—as mentioned in section 4.2—only lin-

ear polynomials irrespective of the number of element
edges. A comparison of the simulation results for linear

polynomials with those obtained when applying higher-

order polynomials does not show any noticeable differ-

ences. Regarding computational costs, however, a con-

siderable amount of simulation time—approximately
15%—could be saved when using only linear polyno-

mials.

6.3 Polarisation rotation test

To underline the applicability of the constitutive and

computational model developed towards additional
complex loading cases, a so-called polarisation rotation

test is discussed next. To be specific, a macroscopic elec-

tric field Ē is applied to a ferroelectric polycrystalline

specimen at particular angles between the initial pol-
ing direction of the body considered and the macro-

scopic loading direction; compare [40]. The experimen-

tally observed changes in polarisation and electric dis-

placements as well as strains along the direction of Ē

are displayed with respect to the electrical loading level
in Fig. 5; compare [39]. Let the so-called polarisation ro-

tation angle be θ = cos−1(Ē · D̄/[ ‖Ē‖ ‖D̄‖ ]). In fact,

the larger this polarisation rotation angle 0◦ ≤ θ ≤ 180◦

is, the larger the change in electric displacements also
turns out. This effect essentially stems from the phys-

ical background that, with increasing deviation of the

loading direction from the initial poling direction, more

domains reorient along the loading direction. This po-

larisation effect is clearly captured in the simulations
as seen in Fig. 6(a). The ferroelectric response in terms

of strains, however, differs significantly from that of

the electric displacements and polarisation behaviour.

To give an example, within the regime 0◦ ≤ θ ≤ 90◦

the strains increase continuously along the direction of

Ē, while also decreasing strains are observed for larger

values of θ. For θ = 135◦ the macroscopic strain first
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Fig. 5 Experimental observations of a polarisation rotation test of a soft PZT (PIC 151) reported in [39]: (a) polarisation and (b)
strains versus electric field for different angles between the initial poling direction and macroscopic loading direction.
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Fig. 6 Simulated response of a polarisation rotation test with θ the angle between the initial poling direction and the macroscopic
loading direction: (a) change in electric displacement and (b) strain versus electric field.

decreases with the application of Ē and, later on, in-

creases and saturates. This effect is even more pro-

nounced at θ = 180◦. The microscopical or rather phys-

ical background for such a complex material behaviour
consists in the activation of two successive 90◦ switch-

ing transformations for θ > 900; compare [41]: when

the first switching reduces the strain contribution along

the direction of Ē, the subsequent switching increases

the strain further with respect to the macroscopic load-
ing direction. This particular response of ferroelectric

polycrystals during polarisation rotation tests is rea-

sonably captured in the simulated strain versus elec-

tric field plots in Fig. 6(b). However, as expected, the

saturated remnant polarisation and strain in the simu-

lated responses deviate considerably from the exper-

imental observations, which results from the specific

modelling assumptions. The saturation of remnant vari-
ables generally depends, as demonstrated in [42], on

the type of crystal structures and the switching sys-

tems activated in ferroelectric polycrystals. Moreover,

note that the material parameters used in the simu-

lations do not directly reflect the material properties
of the experimental investigations in [39]. Neverthe-

less, the simulation results are in qualitative agree-

ment with the experimental data. As the model pro-

posed in this work, at this stage, is restricted to the
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two-dimensional case including solely four tetragonal

crystal variants, differences between experimental and

simulated saturation behaviour are still present. To

give an example, switching of unit-cells oriented under

± 45◦ and ± 135◦ to the z−axis does not contribute to
changes in macroscopic strains along the poling direc-

tion for the two-dimensional model proposed. Moreover,

different types of boundary conditions applied to the

macroscopic specimen investigated—for instance peri-
odic boundary conditions—may also influence and im-

prove the simulation results.

7 Summary

In this work a micromechanical model for the simula-

tion of the nonlinear behaviour of ferroelectric poly-

crystals is proposed. Its physical background is directly

motivated by domain switching processes at the level of
individual grains. Representative so-called back fields

are introduced that formally allow the interpretation

as internal kinematic ‘hardening’ variables depending

on the local remnant states of the ferroelectric crys-
tal. Apparently, these quantities crucially affect the in-

cremental changes of the distinct domains present in

the crystals. Moreover, the constitutive model proposed

was embedded into a computational coupled hybrid for-

mulation that uses polygonal finite elements in order
to be able to simulate representative boundary value

problems. With this formulation, an individual ferro-

electric crystal is reflected by a single polygonal finite

element, which allows to capture representative grain
geometries at reasonable computational costs. As the

element boundaries closely resemble to natural grain

geometries, so-called intergranular effects are algorith-

mically accounted for—possible extensions being elabo-

rated in, e.g., [43]. From a computational point of view,
employing only linear polynomials to approximate the

electromechanical fluxes is found to reproduce similar

results for the nonlinear multi-scale behaviour discussed

compared to the once obtained when using higher-order
polynomial approximations. Application of linear poly-

nomials, however, reduces the computational costs. The

various hysteresis and butterfly curves at different lev-

els of compression—together with the local contribu-

tions of electric displacements, strains, and stresses—as
well as the so-called polarisation rotation test are help-

ful to more fully understand the complex material be-

haviour of ferroelectric polycrystals at different scales

of observation—especially those that are not easy to
obtain experimentally. In this regard, the formulation

developed in the long run contributes to further under-

stand and improve the design of ferroelectric devices.

Apart from including specific interface models to ex-

tend the modelling of intergranular effects, future re-

search will also focus on the extension towards the ap-

plication of three-dimensional polygonal finite element

formulations in the present context, as well as further
investigations on crack phenomena on the macro level

and, in particular, on the micro level.
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