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This paper presents a stochastic meshfree method for solving boundary-value problems in damage
mechanics under elasto-plastic conditions. Isotropic ductile damage evolution law is used to model the
coupled elasto-plastic damage growth. Uncertainty associated with initial damage in materials is considered
as random field. Moving least squares shape function method and Karhunen Loève expansion method are
used for random field discretization. Statistical parameters of the response quantities are computed using
perturbation method. The proposed method involves a new stochastic stress update procedure to solve the
nonlinear equations in terms of discretized random variables arising from perturbation of equilibrium
equations system. Numerical examples comprising of one and two dimensional problems are presented to
illustrate the effectiveness of proposed method.
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1. Introduction

Damage is a progressive physical mechanism which leads to the
initiation and growth of micro-voids or micro-cracks leading to failure
of a system. Proper understanding of damage growth is therefore
essential to understand the effect of presence of voids and internal
defects on the global response of mechanical/structural system and
also on the process which leads these internal defects to final fracture.
The concept of damagemechanics was first proposed by Kachanov [1],
which is based on one dimensional surface damage variable. Later,
taking the effective area of resistance into account, an effective stress
concept [2] associated with strain equivalence principle [3] was
developed. A well developed body of research documents on damage
mechanics is available in the literature [4–11]. Most of the
engineering components may contain some internal initial damage
as micro-voids or micro-cracks due to improper manufacturing and
handling of materials. In addition there always exists an uncertainty
associated with the presence of this initial damage, due to the
uncertainties associated with the material manufacturing and further
handling. As a consequence, many structural and mechanical systems
exhibit complex random fluctuations in material properties which
cannot be characterized completely by deterministic models. This
necessitates a probabilistic based study to assess the response
statistics of structural elements with random initial damage field.

Current popular tool, which is used to address the uncertainty in
analysis, is the stochastic finite element method (SFEM) [12–30].
However SFEM requires a mesh, to discretize the material domain
under consideration, for finite element analysis (FEA). Meshing, even
in deterministic FEA, is a cumbersome process especially in problems
with moving boundaries, crack growth etc. In addition in SFEM,
correlation distance of random field affects the size of finite element
mesh, which leads to issues related to mapping from random field
discretization to response discretization. Therefore, there is consid-
erable interest towards methods which do not require mesh. As an
attractive alternative, meshfree methods are considered for the
stochastic analysis [31,32].

Meshfree methods such as smooth particle hydrodynamics [33–
35], diffuse element method [36], element-free Galerkin method
(EFGM) [37–39], h-p clouds [40], partition of unity [41], and
reproducing kernel particle method (RKPM) [42,43] have been
demonstrated particularly attractive for various reasons as they
avoid burdensome mesh generation, can easily model the evolution
of discontinuities such as cracks and interfaces. Among these
methods, EFGM is particularly appealing, due to its simplicity, alle-
viation of numerical difficulties of mesh entanglement, faster rate of
convergence, and formulation that corresponds to well-established
finite element method.

Rahman and Rao [31], who introduced EFGM to stochastic analysis,
presented a perturbation based stochastic meshfree method to
predict the second moment characteristics of structural response for
linear-elastic solids with random material properties. This method
involves spatial discretization of structural domain to obtain the
parametric representation of spatially varying random field. Later,
Rahman and Xu [32] developed a Neumann expansion based
stochastic meshfree method. Instead of spatial discretization, they
have used spectral representation of random field using Karhunen
amage analysis, Comput. Methods Appl. Mech. Eng.
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Loève (KL) expansion method. All these methods are developed for
linear-elastic solids. However in order to have proper understanding
of material behavior and to achieve efficient design, most of the
engineering structures need to be analyzed in the post yield regime.
Furthermore, rather than taking elastic modulus as random field,
more realistic picture of structural behavior can be obtained if
uncertainty in initial damage is considered. Stochastic meshfree
method, which address the uncertainty in initial damage and its effect
on damage coupled inelasticity, is lacking in the available literature.
This emphasizes the need for a stochastic meshfree tool which can
take care of damage coupled material inelasticity.

In this paper, a stochastic EFGM is presented for the elasto-plastic
damage analysis of structures. Initial damage is treated as a spatially
varying random field over the material domain. First order perturba-
tion (FOP) and second order perturbation (SOP) methods are used to
compute the second moment characteristics of structural response.
For random field discretization, both shape function (SF) and KL
expansion method are adopted and comparative study is performed.
A good agreement is observed between the results of the proposed
perturbation methods and Monte Carlo simulation (MCS).

The paper is organized as follows. Section 2 presents a brief outline
of continuum damage theory. Section 3 describes elasto-plastic EFGM
formulation for damage mechanics. Section 4 outlines the proposed
perturbation methods for stochastic meshfree damage analysis.
Section 5 presents numerical examples to illustrate the performance
of proposed perturbation methods.

2. Continuum damage theory

The essential theoretical preliminaries and equations of continu-
um damage mechanics, which are used in the present work, are
briefly discussed in this section. Consider a damaged body as shown in
Fig. 1, in which a representative volume element (RVE) is isolated.
Damage variable is physically defined by surface density of micro-
cracks and intersections of micro-voids lying on a plane cutting the
RVE of cross section δS [9,10]. Damage variableD n→ð Þ, for the planewith
normal n→ is

D n→ð Þ =
δSD
δS

;0≤D n→
� �

≤ 1; ð1Þ
Fig. 1. Mechanical repres
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where δSD is the effective area of intersections of all micro-cavities or
micro-cracks that lie in δS. An isotropic damage variable [1,4] which is
independent of normal and assumes damage is equally distributed in
all directions, is given by

D =
δSD
δS

; ð2Þ

where D is scalar. The effective stress tensor [2,4], based on stress
acting on resisting area, for a multi-axial case with isotropic damage,
is computed as

σ̃ ij =
σij

1−D
; ð3Þ

where σ̃ is the effective stress tensor andσ is the Cauchy stress tensor.
The principle of strain equivalence [3,4], which assumes that strain

behavior is modified by damage only through the effective stress,
states that the strain constitutive equations for a damaged material
can be derived using same formulations used for an undamaged
material except that stress is replaced by effective stress. The
thermodynamics of damage along with elasticity and plasticity is
included in isotropic unified damage law proposed by Lemaitre and
his co-workers [9,10], which is briefly discussed below.

According to isotropic unified damage law, the main variable
governing damage evolution is the damage rate and the associated
variable is the energy density release rate [10]. The dissipative
potential function, F is given by

F = f + Fχ + FD: ð4Þ

The plasticity criterion function f is,

f = σ̃−χ
� �

eq−κ−σY ; ð5Þ

where κ is the isotropic hardening stress variable, χ is the back stress
related to kinematic hardening, σY is the yield stress and

σ̃−χ
� �

eq =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2

σ̃ D
ij−χD

ij

� �
σ̃ D

ij−χD
ij

� �r
: ð6Þ
entation of damage.

r elasto-plastic damage analysis, Comput. Methods Appl. Mech. Eng.
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The nonlinear kinematic hardening Fχ is given by

Fχ =
3γ
4c

χijχij; ð7Þ

where c and γ are the temperature dependent material parameters. For
linear kinematic hardening γ is set to zero. The damage potential FD is,

FD =
S

s + 1ð Þ 1−Dð Þ
Y
S

� �s+1
; ð8Þ

with S and s being the material parameters which depend on
temperature, and Y being the energy density rate given by

Y =
σ̃ 2

eq

2E0

2
3

1 + νð Þ + 3 1−2νð Þ σH

σeq

 !2" #
; ð9Þ

where ν is the Poisson's ratio, σH=σkk/3 is the hydrostatic stress,

σeq =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2σ

D
ij σ

D
ij

q
is the von Mises equivalent stress with stress deviator,

σ ij
D=σij−σHδij, and σ̃eq=σeq/(1−D) is the effective von Mises stress.

E0 is the Young's modulus of virgin material.
The evolution laws of internal variables are derived as

ε̇p
ij = λ̇∂F = ∂σ̃ ij = λ̇∂f = ∂σ̃ ij

α̇ij = −λ̇∂F = ∂χij

υ̇ = − λ̇∂F = ∂κ

Ḋ = λ̇∂F = ∂Y =

(
Y =Sð Þs λ̇ = 1−Dð Þ if p N pD

0 if not

ð10Þ

where λ̇ is the plastic multiplier obtained by the consistency
conditions, f=0 and ḟ=0. εp is the plastic strain tensor, α is the
kinematic hardening state variable, υ is the isotropic hardening state
variable, and p is the accumulated plastic strain given by p =

ffiffiffiffiffiffiffiffiffiffiffiffi
2
3 ε

p
ijε

p
ij

q
for von Mises yield criteria. Damage threshold, pD which is the
accumulated plastic strain at which damage starts, is defined as

pD =
εpD for monotonic loading

εpD σu−σ∞
f

� �
= σeq max + σeq min

� �
=2−σ∞

f

� �� �m
for cyclic loading

8<
:

ð11Þ

where εpD is the damage threshold in pure tension,m is the correction
parameter, σu is the ultimate stress and σf

∞ is the asymptotic fatigue
stress.

3. Elasto-plastic damage mechanics using EFGM

3.1. Variational formulation and discretization

For small displacements in two dimensional problems with
isotropic damage, the equilibrium equations and boundary conditions
can be written in terms of effective stress as

▿▿⋅ 1� Dð Þσ̃� �
+ b = 0 in Ω; ð12Þ

1� Dð Þσ̃� �
⋅n = �t on Γt natural boundary conditionsð Þ ; ð13Þ

u = �u on Γu essential boundary conditionsð Þ ; ð14Þ

where, σ̃ is the effective stress vector, b is the body force vector, t
_
and

u
_
are the vectors of prescribed surface tractions and displacements,

respectively, n is an unit normal to domain Ω, Γt and Γu are the
portions of boundary, Γ where tractions and displacements are
Please cite this article as: C.O. Arun, et al., Stochastic meshfree method fo
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prescribed, respectively, and▿T={∂/∂x1, ∂/∂x2} is the vector of gradient
operators. The variational form of the Eq. (12) can be written as

∫Ω 1� Dð ÞδεTσ̃dΩ−∫Ωδu
TbdΩ−∫Γtδu

T�tdΓ = 0; ð15Þ

where δu and δε are the virtual displacement and strain increments
respectively. Using meshfree discretization of the domain, the moving
least squares (MLS) [44], approximation of displacement vector u, is
given by [37,45]

uh xð Þ = ∑
n

I=1
ΦI xð ÞdI = ΦT xð Þd; ð16Þ

where n is the number of nodes influencing x, ΦT(x)={Φ1(x), Φ2(x),
⋯Φn(x)}, with ΦI(x) representing the shape function of the MLS
approximation corresponding to node I, and dT={d1, d2, ⋯, dn} with dI
representing the nodal parameter (not the nodal values of uh(x)) for
node I. Substitution of Eq. (16) into Eq. (15) results in

∫
Ω

1−Dð ÞBTσ̃ dΩ = R; ð17Þ

where B is the strain displacement matrix. For node I, B is given by

BI =
ΦI;1 0
0 ΦI;2

ΦI;2 ΦI;1

2
4

3
5; ð18Þ

and the external equivalent force vector R is,

RI = ∫ΩΦIbdΩ −∫ΓtΦI
�
t dΓ ∈ℜ2

: ð19Þ

Newton–Raphson method [46], is used to solve the global
equilibrium equations (Eq. (17)) whereas a simple implicit
scheme [47], is used to solve the constrained elasto-plastic damage
evolution equations and for updating variables.

Load R, is applied incrementally to the mechanical/structural
system. Corresponding to the load increment r+1R at (r+1) th step,
Eq. (17) can be written as

rþ1F = rþ1R; ð20Þ

where r+1R= rR+ r+1ΔR and the internal force vector r+1F which is
function of r+1d(= rd+Δd) is given by

rþ1F rþ1d
� �

= ∫Ω 1−rþ1D rþ1d
� �� �

BT rþ1σ̃ rþ1d
� �

dΩ: ð21Þ

First order Taylor series expansion of Eq. (20) at r+1di, where r+1di

is the ith approximation of r+1d, results in

rþ1Ki Δdi+1 = rþ1R−rþ1F i
; ð22Þ

where

rþ1K i = ∫ΩB
T 1−Dð ÞCep� �jrþ1diB dΩ−∫ΩB

T σ̃
∂D
∂ε

� �
jrþ1diB dΩ; ð23Þ

with Cep being the elasto-plastic constitutive matrix.
When the second term in Eq. (23) dominates over the first term it

may lead to numerical instabilities while solving Eq. (22). However
Newton–Raphson method gives the freedom to modify the stiffness
matrix by neglecting second term at the expense of number of
iterations. In the present work Eq. (23) is modified as

rþ1Ki = ∫ΩB
T 1−Dð ÞC ep� �jrþ1d iB dΩ: ð24Þ
r elasto-plastic damage analysis, Comput. Methods Appl. Mech. Eng.
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3.2. Imposition of essential boundary conditions

EFGM shape function ΦI(x) does not satisfy the Kronecker delta
property i.e., ΦI(xJ)≠δIJ, where δIJ=1, when I= J, and δIJ=0 when I J
and hence ui

h(xJ)≠dJ
i, Δuih(xJ)≠ΔdJi posing some difficulties in

imposing the EBCs. In this study for enforcement of the EBCs, the
MLS approximation is scaled along the essential boundaries by a
scaling matrix. For the domain discretized using meshfree nodes as
shown in Fig. 2, the condition ui

h(xJ)=dJ
i is satisfied along the essential

boundary Γu through a scaled transformation which modifies Eq. (16)
as

uh
i xJ
� �

= ∑
N

I1 =1
∑
N

I2 =1
ΦI1

xJ
� �

Λ′
I1 I2
−1 diI2 = Φ iT

J Λ′�1
d; ð25Þ

and hence

Δuh
i xJ
� �

= Φ iT
J Λ′�1Δd; ð26Þ

where N is the total number of nodal points in the domain Ω, d is the
nodal parameters not the nodal values and

Λ′ = Φ1
1Φ

2
1δ3Jδ4J⋯Φ

1
K−2Φ

2
K−2Φ

1
K−1Φ

2
K−1Φ

1
KΦ

2
K δ 2 K+1ð Þ−1ð ÞJ δ 2 K+1ð Þð ÞJ ⋯ δ 2N−1ð ÞJδ 2Nð ÞJ

h iT
;

∈L ℜ2N × ℜ2N
� �

ð27Þ

is the scaled transformation matrix which includes the shape function
values associated with nodes along the essential boundary. Using
Eqs. (25) and (26), Eq. (22) can be modified as

rþ1�Ki Δdi+1 = F; ð28Þ

with

rþ1Ki = Λ′�Τ rþ1KΛ′�1

; ð29Þ

and

F = Λ′−T rþ1R−rþ1F i
� �

: ð30Þ

The discretized equation system in Eq. (28) can be solved for the
(i+1)th increment in nodal parameter after applying the appropriate
EBCs given in Eq. (14) by adopting the procedures similar to that in
FEA. The corresponding increment in nodal values can be obtained
from Eq. (26). Once Δdi+1 is evaluated, the corresponding strain,
Fig. 2. Meshfree discretization of domain Ω.
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stress and damage increment can be computed using the procedure
described further. During Newton–Raphson iteration, an inaccurate
transition to plastic state may occur, especially if the load step is too
large, which results in large unbalance, and the subsequent Newton–
Raphson iterations, should in general be able to correct it. However,
any plastic strain that was accumulated during the iteration will still
be there and in later iterations will give an erroneous yield stress [48].
To avoid this problem, instead of using the displacement increment
from the current iteration, the total displacement increment from
beginning of the current load step should be used. Thus

Δd i+1 = ∑
i+1

j=1
Δd j

: ð31Þ

Then the total strain increment,

Δεi+1 = BTΛ′�1Δd i + 1
: ð32Þ

Once the strain increment is calculated, other state variables like
the stress, plastic strain and damage at the end of new load step can be
computed. The state determination procedure is briefly outlined
below.

3.3. Procedure for state determination

For a given Gauss point, with the known increment in strain (Δε),
and the previous state (σ̃, ε, χ, κ, and εp) the basic steps in computing
new state are as follows

1. Compute the elastic predictor and trial stress increment using,

Δσ̃e = CΔε; ð33Þ

and

s̃ =σ̃ + Δσ̃e
; ð34Þ

respectively, and evaluate the yield function value f(s̃, χ, κ). For
previously elastic Gauss point continue to step 2, otherwise go to
step 3.

2. For previously elastic Gauss point, there are two possibilities,
(a) Gauss point remains to be elastic i.e., f(s,̃χ, κ)≤0and r+1σ̃i+1=

s̃ andother state variables, related to plastic part remains same as
in the previous load step. Go to step 6.

(b) f(s ̃, χ, κ)N0 with transition from elastic to plastic state. Locate
stress at yield point by solving f(σ̃+ρΔσe,χ, κ) where ρ is the
fraction of strain increment that takes the stress to yield stress
level. ρΔε is the strain increment that takes the stress to yield
level and (1−ρ)Δε is called as elasto-plastic strain increment.
Continue to step 4.

3. For previous yielded Gauss point there are three possibilities
(a) It continues to yield plastically. Then ρ=0 and continue to

step 4.
(b) It unloads elastically with f(s ̃,χ, κ)≤0. Then r+1σ̃ i+1=s ̃ and

go to step 6.
(c) It unloads by moving inside the yield surface and eventually

ends up with a stress outside the yield surface, which requires
to find ρ and then continue to step 4.

4. In this step the stresses corresponding to (1−ρ)Δε are to be
computed. The available literature on damage mechanics uses the
integration scheme proposed by Benallal et al. [49], which requires
an iteration for yield surface drift correction, to minimize the errors
that arise due the replacement of differential quantities with finite
difference quantities. In the present work a simple implicit
scheme [47], which uses single point integration without any
r elasto-plastic damage analysis, Comput. Methods Appl. Mech. Eng.
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iteration, is used. The final state for which the yield condition to be
satisfied is used to obtain the discrete consistency condition,

f σ̃ + ρΔσe + Δσ̃;χ + Δχ; κ + Δκ
� �

= 0: ð35Þ

For an associated flow rule, the evolution equations given in
Eq. (10) can be rewritten in an incremental form as

ΔεP = Δλ ∂f = ∂σ̃
� �

Δα = −Δλ ∂F = ∂χð Þ
Δυ = −Δλ ∂F = ∂κð Þ
ΔD = Δλ ∂FD = ∂Yð Þ

: ð36Þ

In addition, for convenience Δχ and Δκ can be written as

Δχ = −hΔλ ∂F = ∂χð Þ
Δκ = −HΔλ ∂F = ∂κð Þ ; ð37Þ

where h and H are the kinematic and isotropic hardening modulus
respectively. The elasto-plastic constitutive equation can be written as

Δσ̃ = C Δε−Δεp
� �

; ð38Þ

where Δε̄=(1−ρ)Δε. Substitution of Eqs. (36)–(38) into Eq. (35)
leads to a polynomial in Δλ, which can be solved for Δλ and then once
again using Eqs. (36)–(38), all the variables can be updated as follows,

rþ1σ̃
i+1 = σ̃ + ρΔσe + Δσ̃

rþ1ε
i + 1

= ε + Δε

rþ1ε
pi + 1

= εp + Δεp

rþ1χ
i + 1

= χ + Δχ

rþ1κ
i + 1

= κ + Δκ

rþ1D
i + 1

= D + ΔD:

ð39Þ

5. For an associated flow rule, the elasto-plastic stiffness matrix Cep is
evaluated at each iteration using

Cep = C− 1= ℏð ÞC ∂f = ∂σ̃
� �

∂f =∂σ̃
� �TC; ð40Þ

where ℏ=(∂ f/∂σ̃)TC(∂f/∂σ̃)− n(∂f/∂κ) and n = dκ = dεð Þ
C

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∂f =∂σ̃
� �T ∂f = ∂σ̃

� �q
.

6. To check for convergence with new state values both force
equilibrium and internal energy criteria can be used [46,48]. If
the prescribed tolerance is achieved, Newton–Raphson iterations
can be stopped and can proceed to the next load step.

Using the algorithm described above evolution of the damage
growth, as well as the stresses and strains during the elasto-plastic
damage analysis of structures can be computed.

4. Stochastic EFGM for elasto-plastic damage mechanics

In this study initial damage, D0 is considered as random field. The
spatial variability of initial damage is modeled as homogeneous
lognormal field [28] with mean, μD0

and standard deviation, σD0
. An

acceptable assumption for auto-covariance kernel of initial damage
field can be an exponential covariance kernel defined as

ΓD0
ζð Þ = σ2

D0
exp −jζjc1 = lð Þ; ð41Þ
Please cite this article as: C.O. Arun, et al., Stochastic meshfree method fo
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where ζ is the separation vector between two points x∈ℝk and x+
ζ∈ℝk both located in Ω∈ℝk. c1/l is known as correlation length
parameter with c1/l=1/lc where lc is the correlation length of random
field considered. However exponential auto-covariance kernel does
not hold the continuity in the mean square sense at ζ=0. As an
alternative, Spanos et al. [50] developed an equivalent modified
exponential function defined as

Γ̂D0
ζð Þ = σ2

D0
exp −jζjĉ1 = l

� �
1 + jζjĉ1 = l
� �

; ð42Þ

where ĉ1is the modified correlation length parameter which has to be
obtained from the minimization of

∫
k

−k

∫
k

−k

exp −jζjĉ1 = l
� �

1 + jζjĉ1 = l
� �

− exp −jζjc1 = lð Þ� �2dx1dx2;
x1; x2∈ −k; k½ �:

ð43Þ

In the present study, modified exponential function by Spanos
et al. [50] is used to model the variation of auto-covariance of initial
damage field.

4.1. Random field discretization

In SFEM/Stochastic EFGM applications, it is necessary to discretize
the continuous parameter random field into a vector of random
variables. Various discretizations, such as KL expansion method
[21,22], polynomial chaos expansion method [22], midpoint method
[16], local averaging method [23], shape function method [12],
weighted integral method [24], and optimal linear estimation method
[26], have been developed for SFEM applications. Both SF method and
KL expansionmethod are explored in stochasticmeshfree applications
by various researchers, for example [31,32]. However comparison
between the efficiency of these twomethods with regard to stochastic
meshfree applications is lacking in the available literature. In the
present study, both methods are used for random field discretization
and a comparative study is performed to understand accuracy and
efficiency of each method in representing the continuous parameter
random field and in computing the statistical parameters.

To simplify the algebraic equations [27] in the computation of
statistical parameters, initial damage is modeled as a function of
Gaussian field [51],

D0 xð Þ = cα̂ exp α̂ xð Þ� �
; ð44Þ

where α̂(x) is a zero mean, scalar, homogeneous Gaussian random
field, cα̂ is a constant evaluated as cα̂ = μ2

D0
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2
D0

+ σ2
D0

q� �
. Auto-

covariance kernel for α̂(x) can be written as [29]

Γα̂ ζð Þ = ln 1 + Γ̂D0
ζð Þ= μ2

D0
Þ:

�
ð45Þ

Therefore, instead of discretizing the lognormal field, D0(x), it is
sufficient to discretize the Gaussian field α̂(x).

4.1.1. Shape function method
In this method the Gaussian field is approximated over the

spatially distributed points using the MLS approximation [31] as

α̂ xð Þ = ∑
M

i=1
Φi xð Þξi; ð46Þ

where Φi(x) is the MLS shape function, and M is the size of random
variables vector, ξ corresponding to the spatial discretization points.
Since α̂(x) is Gaussian field, random vector ξ will also be Gaussian
with the same statistical parameters. In stochastic meshfree method,
r elasto-plastic damage analysis, Comput. Methods Appl. Mech. Eng.
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since there are no elements, the discretization effort is not tied with
any elements or even nodes. However, the value of M and the
distribution of spatial discretization points depend on the correlation
distance of α̂(x). In the limit, when correlation of α̂(x) reaches delta
function, M→∞ [31]. However, in physical systems, the material
properties are expected to vary smoothly in the scale of interest and
hence a finite dimensional random vector ξ can capture most of the
uncertainty in α̂(x). In addition, it is not necessary that these spatial
discretization points should coincide with the meshfree nodes as
shown in Fig. 3. Hence, large value of M, if required for some
correlation distances, does not necessarily increase the size of
equations for meshfree discretization of the domain. This is in
contrast with some SFEMs, where the correlation distance of random
field can put a serious limitation on the size of finite elements, since
accuracy and convergence of stochastic response (computed using
shape function method of discretization) depend on the size of finite
elements in comparison with the correlation distance of random field.
Since SF method is an approximation over discretization points, as the
refinement of discretization increases, it will capture the uncertainty
in α̂(x) more precisely. However there is no well defined rule to fixM
and discretization points in the domain. This leads to the usage of
more number of spatial discretization points and so more random
variables, to have a good approximation.

4.1.2. Karhunen Loève expansion method
KL expansion method is found to be one of the most efficient

methods to parameterize random field using less number of random
variables [21,22]. It is based on the spectral decomposition of auto-
covariance kernel of random field. A bounded, symmetric and positive
definite kernel Гα̂(ζ), will satisfy the Fredholm integral equation,

∫
Ω
Γα̂ x1; x2ð Þϕi x2ð Þ dx2 = λiϕi x1ð Þ ∀ i = 1;2; ⋯∞ : ð47Þ

where λi and ϕi(x) are the eigenvalues and eigenfunctions of
covariance kernel. Symmetry and positive definiteness of covariance
Fig. 3. Meshfree and rando
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kernel will render the eigenfunctions to be orthogonal and complete
and thus

∫
Ω
ϕi xð Þϕj xð Þ dx = δij: ð48Þ

Then random field α̂(x) can be expanded in terms of the
eigenfunctions as

α̂ xð Þ = ∑
∞

i=1

ffiffiffiffiffi
λi

p
ϕi xð Þξi; ð49Þ

where ξi are the uncorrelated standard normal random variables.
Ordering the eigenvalues in descending order converging to zero, the
series in Eq. (49) can be truncated to first M terms as

α̂ xð Þ≈ ∑
M

i=1

ffiffiffiffiffi
λi

p
ϕi xð Þξi: ð50Þ

KL expansion possesses many desirable properties [22], which
make it a preferable choice for stochastic applications. However closed
form solutions of the integral eigenvalue problem in Eq. (47) are
available only for few covariance kernels. Usually numerical proce-
dures [22,32,52] which transform the integral eigenvalue problem to
matrix eigenvalue problemare adopted. In the present studymeshfree
technique developed by Rahman and Xu [32] is used, where the MLS
technique is used for the eigenfunction approximation as

ϕi xð Þ = ∑
N

I=1
ϕ̂iIΦI xð Þ; ð51Þ

where ϕ̂iI is the Ith nodal parameter of ith eigenfunction and ΦI(x) is
the meshfree shape function of Ith node and N is the total number of
m field discretizations.

r elasto-plastic damage analysis, Comput. Methods Appl. Mech. Eng.

http://dx.doi.org/10.1016/j.cma.2010.04.009


7C.O. Arun et al. / Computer Methods in Applied Mechanics and Engineering xxx (2010) xxx–xxx

ARTICLE IN PRESS
nodes. Substitution of Eq. (51) into Eq. (47) yields an expression for
residual error as

εN = ∑
N

I=1
ϕ̂iI ∫

Ω
Γα̂ x1; x2ð ÞΦI x2ð Þdx2−λiΦI x1ð Þ

� �
: ð52Þ

By following Galerkin type procedure [22,32], Eq. (47) can be
reduced to matrix form as

Qϕ̂i = λiS ϕ̂i; ð53Þ

where

Q IJ = ∫
Ω
∫
Ω
Γα̂ x1; x2ð ÞΦI x2ð ÞΦJ x1ð Þdx1dx2 ∀ I; J = 1; ⋯;N ; ð54Þ

and

SIJ = ∫
Ω
ΦI xð ÞΦJ xð Þdx ∀ I; J = 1; ⋯;N : ð55Þ

Solving Eq. (53) for λi and ϕ̂i using any standardmatrix eigenvalue
solver and by back substituting ϕ̂i in Eq. (51), the corresponding
eigenfunction ϕ̂i(x) can be obtained. One important thing which is to
be noted is that, the meshfree discretization used here is purely for
obtaining the eigenfunction, ϕ̂i(x), and has nothing to do with the
random field discretization or the stress analysis. In the present study
discretization points for the eigenvalue problems are chosen to
coincide with meshfree nodes used for stress analysis, even though
they can be independent.

4.2. Perturbation method

Following the discretization of α̂(x) by using either SF method or
KL expansion method, damage field in Eq. (44) can be written as

D0 xð Þ = cα̂ exp ∑
M

i=1
Φi xð Þξi

 !
; ð56Þ

or

D0 xð Þ = cα̂ exp ∑
M

i=1

ffiffiffiffiffi
λi

p
ϕi xð Þξi

 !
: ð57Þ

Hence the terms in equilibrium equation (Eq. (17)) becomes
function of random vector ξ as follows

∫Ω 1−D ξð Þð ÞBTσ̃ ξð Þ dΩ = R ξð Þ; ð58Þ

and Eq. (20) becomes

rþ1F ξð Þ = rþ1R ξð Þ: ð59Þ

Since uncertainty in initial damage is only considered in this study,
R will not be function of ξ. However for the sake of generality R is
assumed to be function of ξ and hence Eq. (59) becomes nonlinear
functional of the displacements as well as the random variables. To
solve Eq. (59) for response statistics, perturbation method is
employed in the present work. Perturbation expansion gives accurate
results when the coefficient of variation of random variables is small.
The left superscripts, (r+1) in Eq. (59), is avoided hereafter for the
Please cite this article as: C.O. Arun, et al., Stochastic meshfree method fo
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sake brevity. Taylor series expansion of Eq. (59) about the mean value
of ξ (μξ=0), gives

F 0ð Þ + ∑
M

i=1
F ;iξi +

1
2

∑
M

i;j=1
F ;ijξiξj + ⋯ = R 0ð Þ + ∑

M

i=1
R;iξi

+
1
2

∑
M

i;j=1
R;ijξiξj + ⋯;

ð60Þ

where ( ),i=∂( )/∂ξi|ξ=0 and ( ),ij=∂2( )/∂ξi∂ξj|ξ=0.
Grouping the terms of same order from Eq. (60) gives,

F 0ð Þ = R 0ð Þ; ð61Þ

F;i = R;i ; ð62Þ

F;ij = R;ij : ð63Þ

Eqs. (61)–(63) are nonlinear functions of displacements. Follow-
ing the procedure explained in Section 3.1 for deterministic analysis,
Eq. (61) can be reduced to a form similar to Eq. (28) as

rþ1K 0ð Þi Δd 0ð Þi+1 = F 0ð Þ: ð64Þ

Since in the present study R,i=0, using Eq. (58), Eq. (62) can be
written as

∫
Ω

1−D 0ð Þð ÞBTσ̃;i dΩ−∫
Ω

D;i B
Tσ̃ 0ð Þ dΩ = 0: ð65Þ

Noting that σ̃;i = dσ̃
dε

dε
dξi

and ε;i = BTΛ0−1d;i, and pre-multiplying
with Λ′−T on both sides, for (r+1)th load step and (i+1)th iteration,
Eq. (65) can be reduced to

rþ1K 0ð Þd;i+1
i = Λ′−T ∫

Ω
D;ii B

Tσ̃ 0ð Þ dΩ
h i

: ð66Þ

Similarly Eq. (63) can be written as

∫
Ω

1−D 0ð Þð ÞBTσ̃;ij dΩ−∫
Ω

BT σ̃;i D;j + D;i σ̃;j

� �
dΩ−∫

Ω

BTσ̃ 0ð ÞD;ij dΩ = 0:

ð67Þ

Again noting that σ̃;ij = dσ̃
dε

d2ε
dξidξj

and ε;ij = BTΛ0−1d;ij and pre-
multiplying with Λ′−T on both sides, for (r+1)th load step and (i+1)
th iteration, Eq. (67) can be reduced to

rþ1K 0ð Þd;i+1
ij = Λ′−T

2∫
Ω

D;i B
Tσ̃;j dΩ + ∫

Ω

D;iij B
Tσ̃ 0ð ÞdΩ

" #
: ð68Þ

After applying the appropriate EBCs, Eqs. (64), (66), and (68) can
be solved respectively for Δd(0)i+1, d,ii+1 and d,iji +1. Derivatives of
increment in nodal parameters for the particular load step at the end
of (i+1)th iteration can be obtained as

Δd;i+1
i = d;i+1

i −rd;i ; ð69Þ

and

Δd;i+1
ij = d;i+1

ij −rd;ij : ð70Þ

r+1 K
―
(0) used in Eqs. (66) and (68), is the converged stiffness

matrix computed at the end of (r+1)th load step while solving
r elasto-plastic damage analysis, Comput. Methods Appl. Mech. Eng.
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Eq. (64). Using Δd(0)i+1, Δd,ii+1 and Δd,iji +1, the nodal displacement
increment and its derivatives can be computed as

Δu 0ð Þi+1 = ΦTΛ0−1Δd 0ð Þi+1

Δu;i+1
i = ΦTΛ0−1Δd;i+1

i

Δu;i+1
ij = ΦTΛ0−1Δd;i+1

ij

: ð71Þ

The mean and covariance of the displacement vector can be
calculated using the expectation operator as μu = E u ξð Þ½ � and
Γu = E u ξð Þ−μuð Þ u ξð Þ−μuð ÞT

h i
respectively. Taylor series expansion

of u(ξ) about ξ=0 gives

u ξð Þ = u 0ð Þ + ∑
M

i=1
u;iξi +

1
2

∑
M

i;j=1
u;ijξiξj + ⋯: ð72Þ

Applying expectation operator on Eq. (72), the FOP solutions are

μu = u 0ð Þ

Γu = ∑
M

i;j=1
u;iu

T
;jΓij

; ð73Þ

and

μu = u 0ð Þ

Γu = ∑
M

i=1
u;i u;

T
i

; ð74Þ

for SF and KL expansion methods respectively. The SOP solutions are

μu = u 0ð Þ + ∑
M

i;j=1
u;ij Γij

Γu = ∑
M

i;j=1
u;i u;

T
j Γij +

1
4

∑
M

i;j;k;l=1
u;ij u;

T
kl ΓilΓkl + ΓikΓjl
� � ; ð75Þ

and

μu = u 0ð Þ + 1
2
∑
M

i=1
u;ii

Γu = ∑
M

i=1
u;i u;

T
i +

1
4

∑
M

i;j=1
u;ii u;

T
jj +

1
2

∑
M

i;j=1
u;ii u;

T
jj

; ð76Þ

for SF and KL expansion methods respectively. When M is large,
computational effort required to evaluate the second moment
characteristics of response can become prohibitively large for SF
method as can be seen in Eqs. (73) and (75). In that case, modal
decomposition of Гα̂ can be introduced to reduce the computational
burden [31].

Statistical parameters of the state variables can be obtained using
Eqs. (73)–(76) by replacing the displacement quantities by the
corresponding internal variable quantities whose statistics have to be
computed. However the values of internal variables and their
derivatives with respect to the random variables at ξ=0 are required.
Following Eq. (32), the strain increment and its derivatives can be
computed as

Δε 0ð Þi + 1 = BTΛ0−1Δd 0ð Þi + 1

Δε;i + 1
i = BTΛ0−1Δd;i + 1

i

Δε;i + 1
ij = BTΛ0−1Δd;i + 1

ij

: ð77Þ

In order to calculate the other state variables and their derivatives,
it is necessary to use a stress update algorithm in line with the
procedure explained for deterministic analysis, in Section 3.3. The
Please cite this article as: C.O. Arun, et al., Stochastic meshfree method fo
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proposed state determination procedure for stochastic meshfree
damage analysis is briefly outlined below.

4.2.1. Stochastic stress update procedure
Since the internal state variables are function of random vector ξ,

the yield function in Eq. (5) modifies to

f = σ̃ ξð Þ−χ ξð Þ� �
eq−κ ξð Þ−σY : ð78Þ

The elastic predictor and the trial stress value becomes,

Δσ̃e ξð Þ = CΔε ξð Þ; ð79Þ

and

s̃ ξð Þ = σ̃ ξð Þ + Δσ̃e ξð Þ; ð80Þ

respectively. Since perturbation method works on the assumption
that the coefficient of variation of random variables is small, to check
whether the point under consideration is yielded or not, the yield
function in Eq. (78) is evaluated using the first term approximation of
Taylor series expansion of internal variables around ξ=0 i.e., f(s̃(0),
χ(0), κ(0)). If f(s̃(0), χ(0), κ(0))≤0 the point under consideration is
treated as elastic and the derivative of stress increments can be
computed as

Δσ̃ 0ð Þ = CΔε 0ð Þi + 1

Δσ̃;
i + 1
i = CΔε;i + 1

i

Δσ̃;
i + 1
ij = CΔε;i + 1

ij

: ð81Þ

On the other hand, if f(s̃(0), χ(0), κ(0))N0, the increment in
internal variables can be obtained by solving the discrete consistency
equation,

f σ̃ ξð Þ + Δσ̃ ξð Þ;χ ξð Þ + Δχ ξð Þ; κ ξð Þ + Δκ ξð Þ� �
= 0: ð82Þ

Following Eqs. (78) and (82) can be written as

σ̃ ξð Þ + Δσ̃ ξð Þ	 

− χ ξð Þ + Δχ ξð Þf g� �

eq− κ ξð Þ + Δκ ξð Þf g−σY = 0:

ð83Þ

In Eq. (83), since the internal variables are functions of random
variables, the plastic multiplier Δλ also becomes function of ξ. Hence
calculation of the derivatives of internal variables require derivatives
of Δλ. Taylor series expansion can be employed to solve Eq. (83) for
Δλ(0), Δλ,i, and Δλ,ij. Using Eq. (6), by Taylor series expansion of the
internal variables in Eq. (83) about the mean value of ξ and then
picking the terms of same order in ξI up to first order results in the
following equations,

3
2

σ̃D
ij 0ð Þ + Δσ̃D

ij 0ð Þ
� �

− χD
ij 0ð Þ + ΔχD

ij 0ð Þ
� �� �

σ̃D
ij 0ð Þ + Δσ̃D

ij 0ð Þ
� �

− χD
ij 0ð Þ + ΔχD

ij 0ð Þ
� �� �

− κ 0ð Þ + Δκ 0ð Þ + σYð Þ2 = 0; ð84Þ

and

3= 2ð σ̃D
ij 0ð Þ + Δσ̃D

ij 0ð Þ
� �

− χD
ij 0ð Þ + ΔχD

ij 0ð Þ
� �� �

× ∂ σ̃ D
ij + Δσ̃D

ij

� �
= ∂ξI

� �
− ∂ χD

ij + ΔχD
ij

� �
= ∂ξI

� �� �Þ
×ð σ̃D

ij 0ð Þ + Δ σ̃ D
ij 0ð Þ

� �
− χD

ij 0ð Þ + ΔχD
ij 0ð Þ

� �� �
× ∂ σ̃ D

ij + Δσ̃ D
ij

� �
= ∂ξI

� �
− ∂ χD

ij + ΔχD
ij

� �
= ∂ξI

� �� �Þ
− 2 κ 0ð Þ + Δκ 0ð Þ + σYð Þ ∂ κ + Δκð Þ = ∂ξIð Þð Þ = 0:

ð85Þ
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Fig. 4. Eigenvalues of modified exponential kernel (Example 1).

Fig. 5. Eigenfunctions of modified exponential kernel (Example 1).
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where (∂( )/∂ξI)=(∂( )/∂ξI)|ξ=0. Following Eqs. (36)–(38),

Δεp 0ð Þ = Δλ 0ð Þ ∂f =∂σ̃
� � jξ=0

Δχ 0ð Þ = −hΔλ 0ð Þ ∂F =∂χð Þjξ=0
Δκ 0ð Þ = −HΔλ 0ð Þ ∂F =∂κð Þ jξ=0
ΔD 0ð Þ = Δλ 0ð Þ ∂FD =∂Yð Þ jξ=0

; ð86Þ

and

Δσ̃ 0ð Þ = C Δε 0ð Þ−Δεp 0ð Þ� �
: ð87Þ
Fig. 6. Bar subjected to monotonic loading at free end; (a) Geom
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Substitution of Eqs. (86) and (87) into Eq. (84) leads to a
polynomial in Δλ(0), which can be solved for Δλ(0). Values of
internal variable at ξ=0 can be computed by back substitution of
Δλ(0) into Eqs. (86) and (87).

Substituting the following Eq. (88),

∂Δσ̃= ∂ξI
� �

= C ∂Δε = ∂ξIð Þ−Δλ ∂2f = ∂ξI∂σ̃
� �

− ∂Δλ= ∂ξIð Þ ∂f = ∂σ̃
� �� �

∂Δχ= ∂ξIð Þ = −h Δλ ∂2F = ∂ξI∂χ
� �

+ ∂Δλ= ∂ξIð Þ ∂F = ∂χð Þ
� �

∂Δκ = ∂ξIð Þ = −H Δλ ∂2F = ∂ξI∂κ
� �

+ ∂Δλ= ∂ξIð Þ ∂F = ∂κð Þ
� �

∂ΔD= ∂ξIð Þ = Δλ ∂2FD = ∂ξI∂Y
� �

+ ∂Δλ= ∂ξIð Þ ∂FD = ∂Yð Þ
ð88Þ

into Eq. (85) leads to a polynomial in Δλ,iwhich can be solved forΔλ,i.
First derivative of the internal variables with respect to the random
vector at ξ=0 can be obtained by back substitution of Δλ,i into
Eq. (88). Following similar procedure described above and consider-
ing second order terms, second derivative of the plastic multiplier
Δλ,ij and internal variables can be computed.

5. Numerical examples

In the first example an integral eigenvalue problem is solved to
check the effectiveness ofmeshfree technique explained in Section 4.1.
Three numerical examples are presented to demonstrate the
performance of the proposed stochastic EFGM for coupled elasto-
plastic damage analysis. In Examples 2–4 initial damage is considered
as homogeneous lognormal field with μD0

=0.12 and σD0
=0.018.

Linear elastic, linear kinematic hardening material constitutive model
is used. Linear basis with the student's t-distribution weight function
[45] is adopted in EFGM analysis. Both the scaling parameter, zmax [45]
and student's t-distribution weight function parameter, β [45] are
taken to be 2.01. For numerical integration, one point and 8×8 Gauss
quadrature is adopted respectively for one and two dimensional
numerical examples presented below.

5.1. Example 1. Integral eigenvalue problem

Consider a random field X, which follows homogeneous standard
normal distribution with auto-covariance kernel defined as [50]

ΓX ζð Þ = σ2
X exp −2:726jζjð Þ 1 + 2:726jζjð Þ∈ 0;1½ �: ð89Þ

Meshfree technique is employed to solve for the eigenvalues and
eigenfunctions of the above auto-covariance kernel. Fig. 4 compares
the first ten eigenvalues obtained using meshfree technique with the
exact eigenvalues reported by Spanos et al. [50]. The meshfree results
agree very well with the exact eigenvalues. Fig. 5 shows the first four
eigenfunctions, which are obtained using meshfree technique.
etry and loads; and (b) Meshfree discretization (12 nodes).
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Fig. 7. Eigenvalues of Гα̂(ζ) defined for bar (Example 2).

Fig. 8. First four eigenfunctions of Гα(̂ζ) defined for bar (Example 2).

Fig. 9. Mean, μD0
and standard deviation, σD
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5.2. Example 2. One dimensional bar

Consider a bar with length, L=10 mm and cross sectional area,
A=1 mm2 as shown in Fig. 6(a). Bar is fixed at x=0mmand is free at
x=10 mm. Monotonic load P(t)=pt 0≤ t≤1, is applied at the free
end of the bar, with p=275 N. Following material properties are used
in the numerical study: E0=200 GPa, h=10 GPa, σy=250MPa,
S=0.06, s=1 and, εpD=0. A typical meshfree discretization involving
12 uniformly spaced nodes is shown in Fig. 6(b). Modified exponential
function defined in Eq. (42)with ĉ1=2.726 and l=10 is considered as
the auto-covariance kernel, ГD0

(ζ) for initial damage field.
Fig. 7 shows the eigenvalues of the auto-covariance kernel Гα(̂ζ)

(which is function of ГD0
(ζ)) defined in Eq. (45), obtained using

meshfree technique. It can be observed from Fig. 7, since the
eigenvalues are converging fast to near zero values only first few
terms in KL expansion are required to represent the input field. Fig. 8
depicts the variation of first four eigenfunctions of the auto-
covariance kernel Гα(̂ζ), obtained using meshfree technique.

To study the effectiveness and convergence of SF and KL expansion
methods for random field discretization, MCS with 5000 samples is
carried out to reproduce the second order statistics of input field by
varying M. Fig. 9 shows the mean, μD0

and standard deviation, σD0
of

initial damage as a function of x, obtained using SF and KL expansion
methods along with the exact values for different M values. It can be
observed from Fig. 9 that the mean, μD0

of initial damage can be
obtained accurately using both SF and KL expansion methods even
with less number of random variables, however the standard
deviation, σD0

of initial damage obtained using SF method is less
accurate for smaller M values and it approaches to exact as M
increases. When compared with the corresponding MCS results, KL
expansion method yields lower bound estimates of the standard
deviation, σD0

of initial damage. Since KL expansion converges fast,
increasing M value did not result in further improvement in the
accuracy. Hence it is sufficient to use smaller M value, say 2–6, for KL
expansion whereas it may be necessary to go for largerM value for SF
method to achieve better accuracy. Later in the present example, for
SF method random field discretization is chosen to coincide with
0
of initial damage along length of bar.
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Fig. 11. Mean, μD(x=0.5L) and standard deviation, σD(x=0.5L) of damage at center of bar
as function of loading.
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meshfree discretization (i.e. M=12) whereas for KL expansion
method M=4 is considered. It is found that for same M value
(M=12) the computational time taken by KL expansion for
reproducing the second order statistics of input field is 1.22 times of
that taken by SF method.

Fig. 10 shows the results of the mean, μu(x= L) and standard
deviation,σu(x= L) of the displacement at the free end of the bar during
loading. The results of FOP, SOP, andMCSwith 5000 samples, obtained
using both SF and KL expansion methods are presented.
The perturbation results of the mean, μu(x= L) and standard deviation,
σu(x= L) obtained using both methods matches well with the
corresponding MCS results. The values of standard deviation, σu(x= L)

obtained using KL expansion is lower than that obtained using SF
method, especially in the plastic region (post yielding part of
the curve). MCS results of the mean, μu(x= L) and standard deviation,
σu(x= L) show smooth variation from elastic to plastic regime, since
MCS technique can simulate different initial damage values along the
length of bar for each simulation leading to non-uniform yielding of
bar over the length. However FOP and SOPmethods fail to capture this
smooth variation, since perturbation method is based on Taylor series
expansion at the mean values of homogeneous random field.

Fig. 11 shows the results of the mean, μD(x=0.5L) and standard
deviation, σD(x=0.5L), of damage at the center of the bar as a function of
loading. Regardless of the method adopted for random field discretiza-
tion, both FOP and SOP methods yield results which are matching well
with the correspondingMCS results. In the elastic loading region there is
no damage growth and hence there is no change in themean, μD(x=0.5L)

of damage, however, as the point under consideration starts to yield, the
mean, μD(x=0.5L) of damage starts to grow nonlinearly.When compared
with SF method, KL expansion method yields lower bound estimates of
the standard deviation, σD(x=0.5L) of damage, even though for both the
cases FOP and SOP results match well with the corresponding MCS
results.

Fig. 12 shows the results of the mean, μσ̃(x=0.5L) and standard
deviation, σσ̃(x=0.5L) of effective stress at the center of the bar as a
function of mean strain, με(x=0.5L). The standard deviation, σσ̃(x=0.5L)

of effective stress increases linearly with the mean strain με(x=0.5L) in
the elastic part and increases nonlinearly after yielding. MCS results of
the mean, μσ̃(x=0.5L) and standard deviation, σσ̃(x=0.5L) show smooth
Fig. 10.Mean, μu(x= L) and standard deviation, σu(x= L) of displacement at free end of bar
during loading.
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variation between elastic and plastic regimes. However FOP and SOP
methods fail to capture this smooth variation.

Fig. 13 shows the results of the standard deviation, σσ(x=0.5L) of
Cauchy stress at the center of the bar as a function of mean Cauchy
stress μσ(x=0.5L). The standard deviation, σσ(x=0.5L) is almost zero,
except around yield point, indicating that the uncertainty in initial
damage introduces uncertainty in the Cauchy stress at yield.

Table 1 compares the normalized computational time of FOP and
SOP methods normalized with respect to that of MCS using SF method
and KL expansion. Since discretization points for the eigenvalue
problems are chosen to coincide with meshfree nodes used for stress
analysis, and since same background cells as that for stress analysis are
Fig. 12. Mean, μσ̂(x=0.5L) and standard deviation, σσ̂(x=0.5L) of effective stress at center
of bar as function of mean strain με(x=0.5L).

r elasto-plastic damage analysis, Comput. Methods Appl. Mech. Eng.

http://dx.doi.org/10.1016/j.cma.2010.04.009


Fig. 13. Standard deviation, σσ(x=0.5L) of Cauchy stress at center of bar as a function of
mean true stress μσ(x=0.5L).

Table 1
Comparison of computational time used for bar subjected to monotonic loading
(Example 2).

Method Normalized computational time

SFa KLb

FOP 6.211×10−3 1.509×10−3

SOP 2.686×10−2 2.146×10−3

a Normalized with respect to computational time for MCS using SF method.
b Normalized with respect to computational time for MCS using KL expansion

method.
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used for numerical integration of Eqs. (54) and (55), the computational
time required by MCS with KL expansion method is found to be 1.25
times that of MCS with SF method. However, since the perturbation
method in conjunction with KL expansion requires less number of
random variables compared to the perturbation method in conjunction
with SF method, the former requires lesser computational time.

Fig. 14 shows the results of the mean, μu(x= L) and standard
deviation, σu(x= L) of displacement at the free end after loading when
Fig. 14.Mean, μu(x= L) and standard deviation, σu(x= L) of displacement at free end after
loading as function of standard deviation, μD0

of initial damage.
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the standard deviation, σD0
of initial damage is varied from 0.006 to

0.02 units. The results of FOP, SOP and MCS methods are presented.
When σD0

is large, the response statistics obtained using perturbation
methods deviates more from the corresponding MCS results. This
trend is expected since the fundamental assumption of the pertur-
bation method discussed, is that the uncertainties must be small. For
σD0

≥0.02 units, this assumption may be violated and hence, any use
of the perturbation methods must be made with care. An nth order
generalized perturbation technique [53] may suit in these cases to
some extent. Since the implementation of the SOP method did not
significantly improve the results of FOP method, in all numerical
examples presented later only FOP is studied.
Fig. 15. Square plate subjected to uniformly distributed tension; (a) Geometry and
loads; and (b) Meshfree discretization (49 nodes).
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Fig. 16. Eigenvalues of Гα(̂ζ) defined for two dimensional plane stress problem
(Example 3).
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5.3. Example 3. Two dimensional plane stress problem

Two dimensional plane stress problem with monotonic loading is
studied by taking a plate with dimension L=10 mm and loading with
Fig. 17. First four eigenfunctions of Гα(̂ζ) defined for tw
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p=275 N, as shown in Fig. 15(a). A typical meshfree discretization
involving total of 49 uniformly spaced nodes is shown in Fig. 15(b).
Material properties used in the numerical study are as follows:
E0=200 GPa, h=10 GPa, ν=0.3, σy=250MPa, S=0.06,s=1 and
εpD=0. Modified exponential auto-covariance kernel in two dimen-
sions for initial damage field defined as

Γ̂D0
ζð Þ = σ2

D0
exp −jζ1jĉ1 = l1−jζ2jĉ2 = l2

� �
1 + jζ1jĉ1 = l1
� �

1 + jζ2jĉ2 = l2
� �

;

ð90Þ

with ĉ1=2.726 and ĉ2=1.726and l1= l2=10 is considered.
Figs. 16 and 17 respectively presents the eigenvalues and the first

four eigenfunctions of the auto-covariance kernel Гα(̂ζ) (which is
function of ГD0

(ζ)) defined in Eq. (45). Similar to that in Example 2,
only first few terms in KL expansion are required to represent the
input field as the eigenvalues are converging fast to near zero values.
The effectiveness and convergence of SF method and KL expansion
method for random field discretization is studied by carrying out MCS
with 5000 samples to reproduce the second order input field statistics
by varying M. Fig. 18 shows the standard deviation, σD0(4.97,4.97) of
initial damage at (4.97, 4.97) as a function ofM, obtained using SF and
KL expansion methods. With less number of random variables,
convergent results can be obtained using KL expansion method.
o dimensional plane stress problem (Example 3).
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Fig. 18. Standard deviation,σD0(4.97, 4.97) of initial damage at (4.97, 4.97) as a function ofM.

Fig. 20. Mean, μD(4.97,4.97) and standard deviation, σD(4.97,4.97) of damage at (4.97, 4.97)
of plate as function of loading.
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When SFmethod is used, as the refinement of discretization increases,
results approach exact. Even though large value of M is required in SF
method than in KL expansion method to obtain convergent result,
former yields more accurate result than the later. Later in the present
example, M=6 is used for KL expansion method. In SF method the
random field discretization, M=49 coincident with stress analysis
nodal discretization is adopted.

Fig. 19 shows the results of the mean, μu2(x2= L) and standard
deviation, σu2(x2= L) of the average displacement at the free end of the
plate during loading. The results of FOP and MCS with 5000 samples,
obtained using both SF and KL expansion methods are presented. FOP
results of the mean, μu2(x2= L) and standard deviation, σu2(x2= L)

obtained using both SF and KL expansion methods match well with
the corresponding MCS results. The standard deviation, σu2(x2= L)

values obtained using KL expansion are lower than that obtained
using SF method.

Fig. 20 shows the results of the mean, μD(4.97,4.97) and standard
deviation, σD(4.97,4.97) of damage at (4.97, 4.97) of the plate as a
function of loading. Similar to that in Example 2, FOP results obtained
Fig. 19. Mean, μu2(x2= L) and standard deviation, σu2(x2= L) of average displacement at
free end of plate during loading.
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in conjunction with both SF and KL expansion methods match well
with the corresponding MCS results. However, KL expansion method
underestimates the standard deviation, σD(4.97,4.97). Fig. 21 shows the
results of themean, μσ̃22(4.97, 4.97) and standard deviation, σσ̃22(4.97, 4.97)

of effective stress at (4.97, 4.97) of the plate as a function of mean
strain, με22(4.97, 4.97). It can be observed from Fig. 21 that at the point of
yielding perturbation fails to converge.

Table 2 compares the normalized computational time with respect
to the respective computational time for MCS using SF method and KL
expansion, for FOP method. For this numerical example, the
computational time for MCS with KL expansion is all most the same
Fig. 21. Mean, μσ̃22(4.97, 4.97) and standard deviation, σσ̃22(4.97, 4.97) of effective stress at
(4.97, 4.97) of plate as function of mean strain, με22(4.97, 4.97).
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Table 2
Comparison of computational time used for plate subjected to uniform tension
(Example 3).

Method Normalized computational time

SFa KLb

FOP 1.457×10−2 4.445×10−3

a Normalized with respect to computational time for MCS using SF method.
b Normalized with respect to computational time for MCS using KL expansion

method.

Fig. 23. Plate with hole under tension; (a) Geometry and loads; and (b) Meshfree
discretization (153 nodes).
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as that for MCS with SF method. Again, perturbation method in
conjunction with KL expansion method requires lesser computational
time compared to that with SF method.

Fig. 22 shows the results of the standard deviation, σu2(x2= L) of
average displacement at the free end after loading as a function of
standard deviation, σD0

of initial damage. FOP results of the standard
deviation, σu2(x2= L) obtained using both SF and KL expansionmethods
match reasonably well with the corresponding MCS results.

5.4. Example 4. Plate with a hole under tension

Square plate with circular hole under far field tensile loading as
shown in Fig. 23(a) is considered. Plate dimensions are as follows:
2L=40 mm and 2a=2 mm. Monotonically increasing uniformly
distributed load with p=200 N is applied as shown in Fig. 23(a).
Due to symmetry only one quarter of the plate is analyzed. Fig. 23(b)
shows a typical meshfree discretization involving total of 153 nodes.
Modified exponential auto-covariance kernel in two dimensions for
initial damage field defined in Eq. (90) with ĉ1=2.726, ĉ2=1.726and
l1= l2=10 is considered. In the present example M=6 is used for KL
expansion method. In SF method the random field discretization,
M=153 coincident with stress analysis nodal discretization is
adopted.

Fig. 24 shows the results of the mean, μD(1.0003,0.0039) and standard
deviation,σD(1.0003,0.0039) of damage at (1.0003, 0.0039) of theplatewith
hole as a function of loading. Even though, FOP results match well with
the corresponding MCS, KL expansion method underestimates the
standard deviation, σD(4.97,4.97). Fig. 25 shows the results of the mean,
μσ̃22(1.0003, 0.0039) and standard deviation, σσ̃22(1.0003, 0.0039) of effective
stress at (1.0003, 0.0039) of the plate with hole as a function of mean
strain, με22(1.0003, 0.0039). The results of the mean, μσ2̃2(1.0003, 0.0039)

obtained using the proposed FOP method match very well with
the correspondingMCS results and the results of the standard deviation
μσ̃22(1.0003, 0.0039), obtained using the proposed method show similar
trend to that of the corresponding MCS results.
Fig. 22. Standard deviation, σμ2(x2=L) of average displacement at free end after loading
as a function of standard deviation, σD0

of initial damage.
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Table 3 compares the normalized computational time required for
FOP with that required for MCS. In this example the computational
time for KL expansion method is larger compared to SF method since
for solving the eigenvalue problem the same nodal discretization as
that adopted for stress analysis (N=153) is chosen. In addition, for
evaluation of the integrals in Eqs. (54) and (55), back ground mesh
with nodes coincident with stress analysis nodal discretization is
used, which also resulted in increase of computational time.

6. Conclusions

A stochastic EFGM is developed for the coupled elasto-plastic
damage analysis of structures with random initial damage. Damage is
modeled as homogeneous random field. First and second order
perturbation methods are derived to predict the mean and covariance
properties of stochastic responses in conjunction with shape function
and KL expansion methods as random field discretization techniques.
Numerical examples comprising of one and two dimensional
problems are solved to illustrate the effectiveness of the proposed
r elasto-plastic damage analysis, Comput. Methods Appl. Mech. Eng.
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Fig. 24. Mean, μD(1.0003,0.0039) and standard deviation, σD(1.0003,0.0039) of damage at
(1.0003, 0.0039) of plate with hole as function of loading.

Table 3
Comparison of computational time used for plate with hole subjected to uniform
tension (Example 4).

Method Normalized computational time

SFa KLb

FOP 2.870×10−2 5.377×10−2

a Normalized with respect to computational time for MCS using SF method.
b Normalized with respect to computational time for MCS using KL expansion

method.
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method. MCS is used for validating the proposed method. A good
agreement is observed between the results of the perturbation
methods and MCS. However, perturbation methods fail to capture
the smooth variation of statistical parameters of responses from
elastic to plastic regime. Stochastic analysis showed that perturbation
methods yield convergent solutions of random responses with both
the discretization techniques. Even though KL expansion method is
computationally efficient, it yields lower bound estimates of the
second moment characteristics of structural response. KL expansion
method can be made computationally efficient at the expense of
accuracy by using discretization with less number of nodes for
Fig. 25. Mean, μσ2̃2(1.0003, 0.0039) and standard deviation, σσ2̃2(1.0003, 0.0039) of effective
stress at (1.0003, 0.0039) of plate with hole as function of mean strain, με22(1.0003, 0.0039).
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Galerkin type of eigenvalue solution and by opting a background
meshwith less number of cells for evaluating the integrals in Eqs. (54)
and (55). Whenever more accurate estimates of the second moment
characteristics of structural response are required it is advisable to go
for shape function method at the expense of computational cost.
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